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Abstract. — Let p be an odd prime and let S be a set of tame primes. We denote by Gg
the Galois group of the maximal pro-p extension of QQ unramified outside S.

We prove that for every finite set of tame primes Sy with |Sp| = 2, there exists a set S;
consisting of two tame primes such that G's, s, has cohomological dimension 2. This refines
a result of Labute. More generally, we establish an analogous result for number fields not
containing a primitive p-th root of unity, under a suitable splitting condition.

Our approach answers a question of Labute, from his seminal paper on mild groups, and
combines weighted Zassenhaus filtrations, graph-theoretic methods, and Koch-type presen-
tations. As an application, we solve several cohomological Galois inverse problems with
prescribed ramification and splitting. We also provide numerical examples and statistics.

Introduction

Context. — Let p be an odd prime and K be a number field. A prime q of K is said
to be tame if N(q) =1 (mod p). For a set of finite tame primes S and T a set of primes
disjoint from S, we denote by Gk s (resp. GII; 5), the Galois group of the maximal pro-p
extension of K unramified outside S (and resp. totally split in 7', with T" a set of primes
disjoint from S). For K = Q, we use the notation G%.

Following the work of Golod and Shafarevich on class field towers, the structure
of the groups G%S has become a central topic in Galois theory. Using their famous
result, several infinite (indeed nonanalytic) groups have been constructed as G% g, with
various arithmetic applications ([15], 14}, 17]). However, despite the abundance of such
examples, relatively little is known about their structure. By class field theory, the
groups G% g are FAB, i.e. every open subgroup has finite abelianization. The celebrated
tame Fontaine-Mazur conjecture (see [9, Conjecture 5b]) also predicts that every p-adic
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analytic quotient of G% g is finite. This highlights the importance of understanding such
groups in the context of Galois representations.

Koch was the first to determine a complete presentation for the groups Gg (see |25,
26]), which opened many directions for further investigation. Building on these results
and the concept of strongly free sequences and mild groups introduced by Anick [2], 1],
Labute [27] was able to construct several groups Gg of cohomological dimension 2. He
showed [27, Corollary 6.3] that every finite set of tame primes S can be extended to a
tame set S of size 2-|S| such that Gg is of cohomological dimension 2. For the case p = 2,
we refer to [29], 10]. Later, Schmidt [44, 42, 43| interpreted these results in terms of
the étale homotopy type of Spec(Of g), and showed that, for the sets S considered by
Labute, Spec(Ok s) is a K(m, 1) space for p in the context of arbitrary number fields.
We refer to [28] for an historical survey. For other applications related to mild groups in
arithmetic, we refer to |22, (18|, [21], 34, [17]. Currently, it is still unknown whether there
exists a group G}Q ¢ of finite cohomological dimension greater than 2.

Statement of the results. — We assume throughout the paper that K does not con-
tain (,, a primitive root of unity. We denote by cl(K) the class group of K and dj =
rx + dycl(K), where rg is the torsion-free rank of & and d,cl(K) denotes the p-rank
of the class group. We fix Tk a minimal set of primes generating the p-part of the
class group cl(K). Note that Tk always exists using the Chebotarev Density theorem
and |Tk| = dpcl(K). For instance, if p is large enough or K = Q, then Tx = ¢J. Let S
and Sy be two sets of primes. We introduce

VS‘%(K) ={aecK*|ac K P for qe Sy and p | vi(a) for t ¢ So} /K™,

with v the normalized valuation associated to t. This allows us to define the Koch-
module Bgi(K) as the dual of ng(K).

We say that S” is a Koch set if it is tame, disjoint from T, and satisfies (a) B4 (K) =
1, and (b) G?"S, = 1. A finite tame set S admits a Koch set if S contains a Koch set S’
and is disjoint from T%. We show in Lemma that a set S can always be extended
to contain a Koch set. Furthermore, Proposition implies that for S large enough one
can expect S to already admit a Koch set with high probability. If S admits a Koch
set, then an analog of the presentation of Gg given by Koch exists for GIT;fs. This was
observed by Liu in [32] Thm. 1.1]. We call these presentations “extended” Koch-type
presentations. For a precise definition, we refer to Section [2.2] A crucial piece of data of
such a presentation is a linking type function denoted ,u:SFK . Note that when K = Q, the
group Gg has a Koch-type presentation and pug is the usual linking map as considered
by Labute [27] and many others (see for example [42), 47], [34]). Using an argument
developed by Maire and Sankara in [35], we positively answer a question posed by Labute,
see Theorem [2.11] and extend it in our context. It roughly states, that every function u
with the right domain can be realized as pk. Theorem , coupled with well-chosen
weighted Zassenhaus filtrations, is fundamental in our work. We state our main result.

Theorem A. — For any finite set of tame primes Sy such that |So| = 2, there exists
a finite set of tame primes Sy such that |Si| = 2 + 2d% and G’?fswsl has cohomological

dimension 2. Furthermore, the deficiency of G?fsousl is df.

A notable feature of Theorem [A] is that the size of S} depends only on K, and is
completely independent of the size of Sy. The careful choices on weighted Zassenhaus



filtrations used simultaneously with Theorem and combined with arguments from
Right Angled Algebras developed by the second author in [19] (see also Remark , are
essential in our proof. Previously, Forré [10] used judicious choices of filtrations to infer
results on mildness for the case p = 2. Gértner [12] Remark 2.12, (i7)] also noted that
mildness of a presentation may depend on the choice of the filtration.

As a direct consequence, for the case K = Q, we refine [27], Corollary 6.3].

Corollary 1. — Let K = Q, and Sy be a finite set of tame primes such that |Sy| =
2. Then, there exists a set Sy of two tame primes such that Gg, s, has cohomological
dimension 2.

A similar approach allows us to study some cohomological inverse problems in the
context of restricted ramification with splitting. We refer to Section[dl Namely, we realize
some quadratic algebras as cohomology algebras of groups G}; g for some well chosen S
and T'. For this purpose, we use graph theory. It has been extensively used to study which
pro-p groups arise as maximal pro-p Galois groups of fields. Snopce and Zalesskii [45],
together with Cassella and Quadrelli [5], characterized which pro-p RAAGs are maximal
pro-p Galois groups. They resolved several conjectures in this class. For further work,
see [4], 23], 19, [31].

Some numerical examples. — The results and proofs of Theorem [A] and Section [4]
can be made computationally effective to produce concrete examples. We used OSCAR
(see |38]) for our computations. The source code and a Jupyter Notebook, containing all
the examples, can be found on the first author’s GitHub under [8].

For example, by virtue of Theorem [A] we show in Subsection that the group Gg,
for p = 3 and the set S := {7,13, 19, 37,10639, 826093}, is mild with respect to a weighted
Zassenhaus filtration and therefore of cohomological dimension 2. We give further exam-
ples of this behavior also in the case of more general number fields in Section

Furthermore, Subsection produces examples of groups G's whose F,-cohomology
ring H*(Gg) comes from graph theory. Let 7 be the graded algebra over F3 presented
by four generators { X7, Xs, X3, X4} and 12 relations:

(X2, XuX,+ XXy, X1X3 XoXy, 1<i<4, 1<u<v<4}.

Then for p = 3 and S = {7,13,181,5563} we have H*(Gg) ~ /. Subsection gives
more examples for other number fields and for certain quadratic algebras not coming
from graph theory.

Organization of the paper. — The first section introduces all of the group-theoretical
arguments required for our results. In particular, Subsection introduces the notion
of (X,e)-RAAGs, which are not in general RAAGs, but nevertheless have the same
(X, e)-filtration as RAAGs associated to certain graphs. The second section introduces
all arithmetic arguments needed in this paper. In particular, it answers a question of
Labute by proving Theorem [2.11] using an argument from [35]. The third section is
devoted to the proof of Theorem [A] The main group theoretical argument relies on
suitable choices of (X, e)-filtrations, which yield (X, e)-RAAGs whose underlying graphs
are triangle-free. The fourth section applies graph theory to the cohomological inverse
problem. The last section focuses on numerical examples.
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1. Group theoretic and algebraic preliminaries

In this section we introduce general group-theoretic tools and techniques that we need
to prove most of our results. For general references, we refer to [30}, 22, 19] 18], 20].

1.1. Filtered and graded (Lie)-algebras. — Set an integer d and a finite set X :=
{z1,...,24}. We denote by F,{X7, .., X4) the algebra of noncommutative series in the
variables X, ..., X, over F,. A basis of the topological F,-vector space F,{ X, ..., X))
is given by monormals X = X" ... Xj"", where « is an n-tuple and i,, is an element
in {1,...,d}. Consequently, every element z in F,{Xy,..., X, can be written as an
infinite sum z = ) a,X?, with a, € F,.

For a given e = (ey, ..., e4) € N? we denote by E.(X) the set F,{ X1, .., X4 endowed
with the filtration {E, ,,(X)}nen induced by the following degree function:

(,Ue (Zaaa ’ Xa) = mgzn{aleioq + U + aneian }

We define &.(X) = @,y be.n(X), with &, ,(X) = E¢n(X)/Eent1(X). Note that &,(X)
is isomorphic to the (free) graded algebra F,(X;, ..., X4), where every X; is of degree e;.
If x is a nonzero element in F.(X), we define its initial form T as the image of x in

@@e,we(m) (X) = E. we m)( )/Ee we(z (X)

We fix an ordering on the set {X;}% ;. We say that X* < X” if w,(X?) > w.(X?) and
if we have equality, we use the lexicographic order. Define 7 := max,__o{X"}.

Let I be a closed two-sided ideal of E.(X). We endow I with the filtration {/,, =
InE.,,(X)}nen. The algebra A .= E.(X)/I is endowed with a filtration that we call the
quotient filtration (of E.(X) by I, see [30, Chapitre I, 2.1.7]). We denote it by {4, }nen-
We define Grad(A) = @, Grad,(A), where Grad,,(4) = A,,/A,+1. We also introduce
the Hilbert series of A (resp. of a graded algebra & = &.(X)/ 7 = @, “n, for some
graded ideal #) by:

A(t) = Z dimg, (Grad,(A))t", and /(¢ Z dimg, (27, )t".

neN neN

1.2. Magnus’s isomorphism and applications in group theory. — We assume
that G is a finitely presented pro-p group presented by d generators {7,| z € X =
{x1,...,2q4}} and r relations {ly,...,[,}. We denote this presentation &. Let F'(X) be
the free pro-p group on {7,z € X} and R be its closed normal subgroup on {1, ...,[.}.
We have an exact sequence:

1> R—F(X)—>G—1.



Magnus (see for instance [30, Appendice A.3]) constructed an injective group ho-
momorphism ¥px) : FI(X) — F,{X, ..., Xg)* induced by 7,, — 1 4+ X;. This induces a
filtration on F(X), which we call (X, e)-filtration, defined by:

Fe,n(X) = {f € F(X)a ng(X)(f) —1le Ee,n(X)}'

We also define .Z,(X) the free graded p-restricted Lie-algebra on {Xj,..., X,} over F,,
where every X; is endowed with weight e;. Magnus isomorphism [30, Chapitre II,
Théoréme 3.2.5] also allows us to construct an isomorphism

Grad(Yrx)): D Fen(X)/Fepi1(X) — Z(X).

neN
We write I.(R) for the closed two-sided ideal of E.(X) generated by {¥px)(l) —1}iecr.
We set E.(X,G) = E.(X)/I.(R), equipped with the quotient filtration {E. ,,(X, G)}nen.

The map ¥px) induces ¥x ¢: G — E.(X,G)* mapping Tx to the class of 1 + X;. We
denote by f (R) the ideal of &,(X) isomorphic to @ en(R)/Iepni1(R). This allows
us to define:

E.(X,G) = E.(X)/I(R), and &.(X,G) = &.(X)/I(R) =P &..(X,G).

neN

neN

We define, for every integer n, the (X, e)-filtration of G by
Ge,n(X) = {g € G> LpX,G(g) —1le Ee,n(Xa G)}

Ife=(1,...,1), then {Ge,,(X)},en is independent of X (see [30, Chapitre II, section 3.2]).
In that case, we omit e and X, and write F,,, G,, and F;,. This filtration coincides with
the Zassenhaus filtration (see [6, Theorem 12.9]) defined inductively by

Gi=G, and G, =G, H (G4, Gj].
1+)=n
We endow R with the induced filtration given by R., = F.,(X) n R. Let us
observe that the filtration {G.,(X)},en coincides with the quotient filtration {F. ,(X)},
by {Ren}n. Wedefine #Z.(R) the Lie ideal of .Z,.(X) given by Grad(¥px)) (D,,cn Ren/Rent1);
and we define:

Z.(X,G) = LX)/ Jo(R) = D Zn(X,G).

neN
Note that Z. ,,(X,G) ~ G, ,,(X)/Gent1(X).
For 1 <i < d, we define n.; == w.(¢Ypx)(l;) — 1), and p.; the image of 1px)(l;) — 1
in &, ,(X). We denote by .7.(%) the two sided ideal generated by {p.;}i_,, and:
&(X, P) = 6.(X)/ (D), and &.(X, P, t) = E(X, P)(t).

Note that p.; can also be seen as an element of .Z,(X) through the injection (given by uni-
versal enveloping algebra theory) Z,(X) — &.(X). Thus, we define _#Z. (%) the restricted
Lie-two sided ideal of .Z.(X) generated by p;, and Z,(X, &) = Z.(X)/ F(Z).

Lemma 1.1. — We have two epimorphisms:
Va: E(X, P) — E(X,G), and ¢z: L(X,P) - Z(X,G); such that X; — X.

Proof. — We observe, for every 1 < i < d, that p.; is an element in 7 (R) and _Z.(R).
Thus we have an inclusion of .7, () (resp. Z.(Z)) in Z.(R) (resp. Z.(Z?)), and so the

desired surjection. O



1.3. Mild presentations. — We continue to use the notation introduced in the pre-
vious section. In particular, G denotes a finitely presented pro-p group and & a pre-
sentation of GG. Little is known about the structure of G when 14 and @4 fail to be
isomorphisms. We therefore focus on situations in which they are isomorphisms. For this
purpose, we use the following definition of mild groups (cf. [10, Lemma 1.3]).

Definition 1.2. — We say that the group GG has a mild presentation & with respect
to (X, e), if:
1

1— Z?:l e + Z;ﬂ tres

Theorem 1.3. — Assume that G has a mild presentation &2 with respect to some (X, e)
filtration. Then 15 and @5 are isomorphisms. Furthermore, the group G has cohomo-
logical dimension 2.

(X, P, t) =

Proof. — See Labute [27, Theorem 1.2]. O

Let us recall that the notion of combinatorially free families provides an effective
criterion to check mildness.

Definition 1.4. — We consider a family {X, X, }/_; of quadratic monomials. This
family is said to be combinatorially free if for every 1 <i,j <r we have X,, # X, .

Corollary 1.5. — Let G be a pro-p group on {1,,x € X} generators and presented
by &. Consider an (X, e)-filtration on F(X). If the family p. = {pe;}i_y is quadratic
and combinatorially free, then the presentation & is mild for the (X, e)-filtration.

Proof. — See [10], Theorem 2.6]. O

The next subsection provides concrete examples.

1.4. Right Angled Artin Algebras and group applications. — Let I' := (X, E)
be an (undirected) graph, and e some weights. For now, we fix a group G, presented
by & with set of generators X and relations {l,, 2, }{z,.z,}cB-

Definition 1.6 ((X,e)-RAAG). — We say that a group G is (X, e)-RAAG for the
graph I, if the relations {l,, .} {2, }er Satisfy:
lxuyx'u = [Txu77—$v]u(xu’xv) (mOd F€75u+ev+1(X))

for some p(xy,x,) € Fy. When we consider the Zassenhaus filtration, we directly say 1-
RAAG.

Remark 1.7. — By replacing [, .., by a suitable power, one can assume that p(x,, z,) =
1, for every {x,,x,} € E.

If G is (X, e)-RAAG for I, then the initial form of the relations can now be deter-
mined as ey, 2, = W(Tu, o) [Xu, Xo] = (24, ) (X Xy — X0 Xy). We define
6.(X,T) = 6.(X)/2(I), ZL(X,T)=2L.(X)/ (') and &.(X,T,t) = &(X,I)(¢),
where Z(I') (resp. Z.(I')) is the ideal of &.(X) (resp. Z.(X)) generated by [X,, X,]

for {z,,z,} € E. If & is the presentation of G associated with X and {l,, 2, }{zu 2. }cE>
then it is easy to observe that &,(X,I') ~ &.(X, &) and Z.(X,I') ~ Z.(X, 2).



We say that a graph I' := (X, E) is bipartite if there is a nontrivial partition X =
U111V, such that there are no edges between two vertices of U, and no edges between two
vertices of V.

Theorem 1.8. — Assume that T' = (X,E) is bipartite, ¢ and G as above. Then the
presentation & is mild for the (X, e)-filtration. So G has cohomological dimension 2 and
we have 1somorphisms:

P D%(Xa F) = D%(Xu G)7 and lbwi éae(X7 F) = ge(Xu G)
Proof. — We use [19, Remark 1.2] and Corollary [L.5] O

Example 1.9. — Let I' be a graph, with associated Right-Angled-Artin pro-p group
(short RAAG) Gr. This is the pro-p group presented by generators {7, ,...,7,,| ;€ X}
and relations [7,,, 7, ], for {z,,x,} € E. As noted in [19] Proposition 1.7|, for any (X, e)-
filtration, the group Gr is (X, e)-RAAG.

If G is a 1-RAAG for some graph I', then we have Gr/(Gr); =~ G/Gj, thus they
agree on a finite level. We refer to Section [4] for further details.

The group Gr has several nice properties and is well studied. We refer for instance
to [3, 33, 19, 20].

Before stating the next result, we introduce some definitions and notations.
We define the algebra o7(I') as the quadratic algebra over [, presented by genera-
tors {X71,..., Xy} and relations:

— X;X; when {z;,z;} ¢ E,

- XX, + X, X, for z,,z, in X.
Observe that dimg, @7,(I') = ¢,(I'), where ¢,(I') is the number of n-cliques of T', i.e.
complete subgraphs of I' with n vertices. We also denote by H*(G) the (continuous)
cohomology graded algebra of G' with coefficients in [F,.

Proposition 1.10. — Assume that ' is triangle-free, and G is a 1-RAAG for I'. Then
the presentation & is mild for the (X,e)-filtration with e = (1,...,1). So we have
Z(G) =~ Z(T), and the following isomorphism:

H*(G) ~ ('), and h"(G) = dimp, H"(G) = c,(T").

Proof. — We denote by d the number of vertices of I' and by r the number of edges. We
have, from [3, Theorem 1.5]:

1
E(Pt)=61t) = ———.
(Z.0) =60 = e
Thus, the presentation & is mild for the (X, e)-filtration with e = (1,...,1). Since &(I")
is a Koszul algebra, we conclude from [19, Proposition 1]. O]
Remark 1.11. — Precisely, the last proposition gives us:
HY(G)~TF, H'(G)=~ (—D X, F, and H?*(G)=~ (—D Xy, X, Fp.
ry,€X u<v,{Tu,Ty }EE

Furthermore, we have X, X, = —X,X, for z,,7, € X in H*(G). Finally X, X, = 0
in H*(@G) precisely when {z,,,z,} is not in E.



2. Koch-type presentations and linking numbers

We fix an odd prime p. Throughout the paper, we assume that K is a number
field, not containing (,. We denote by ry the Z-rank of the unit group of 0. If (rq,73)
is the signature of K, then rx = r; + r5 — 1 by the Dirichlet unit theorem. We also
define cl(K') to be the class group of K and d,cl(K) to be its p-rank. This allows us to
introduce dy = rx + dycl(K). We fix a set of primes T of K with Frobenii generating
the p-part of the group cl(K). Note that |Tk| = d,cl(K).

Let Sy, Ss be sets of primes of K. Then we denote

Végf(K) ={aeK*|ac K, for g€ S and p | v(a) for t¢ Sa} /K™,

with v the normalized valuation associated to t. The dual of VSSf(K ) is denoted

by Bg?(K) (see [37, Def. 10.7.8]). The set Bg? is important because it governs the
Tate-Shafarevich group in Galois cohomology and is often computationally accessible
(cf. proof of 2.9] [16]). We note that if S; = S and S, = S5, then we have the following

canonical surjections:
s s S5 s S S
B3 — BS?, By — By, and Bg — BS?.
By [37, Thm. 10.7.10], if S and T are disjoint sets of primes, then the dimension
of BL(K) determines the minimal number d(G%) of generators of G%. More precisely, we
have the following:

Proposition 2.1. — Let S be a set of tame primes of K and T a disjoint set of primes
of K. Then d(G%) = |S| + dimp, BS(K) —rie — | T

2.1. Koch sets. — In general, knowledge of BY is not sufficient to determine the min-
imal number of relations of G%, let alone the concrete relations. In favorable situations,
as considered by Liu in [32] or Salle in [41] one can determine the relations explicitly. We
summarize their considerations in the form of Koch sets. More precisely, fix a minimal
set of generators Ty of the p-part of cl(K). We say that a finite set of tame primes S’
of K is Koch if 8" nTx = ¢ and

Be(K)=1, and G, =1

We say that a finite set S of tame primes of K admits a Koch set it S nTx = & and
there is S’ < S such that S’ is a Koch set.

For an integer n, we define K,, = K (). Before showing the existence of Koch sets,
we fix some notations which we will use frequently. Given two disjoint sets of primes S

and T we set
Govi(K) = K1(</V75T).

By Kummer duality it is not hard to see that Gal(Govs(K)/K;) = BE. If T = & (resp.
S = &) we simply write Govg(K) (resp. Gov’ (K)). If K is clear from the context, we
simply write Gov’.

Lemma 2.2 (|35, Lemma 1.3|). — Fiz three sets of disjoint primes S, S’, and T of K.
Then Gal(Govg/Govi ) is generated by the Frobenii (vy, Govs/K,), where vy is an
arbitrary prime of K1 above v e S'.



Lemma 2.3 (|35 Prop. 2.3|). — Let S and T be disjoint sets of primes of K then
there is an exact sequence

T T
0— H'(GE) — H'(Gs) 2> @ HY(H™) 2 BL — Bs — 0

teT

where 9" = Z, is the Galois group of the maximal unramified pro-p extension of K.

Lemma 2.4. — For a given number field K, let Tk be a set of primes, such that the
classes form a minimal generating set of cl(K)/p. Given a finite set of primes S, there
exists a Koch set S’ disjoint from S of size d’.

Proof. — We first notice that dimg, (B ) = d%. Now choose a basis .7 of G and a set S’
disjoint from S, using the Chebotarev density theorem, such that each o, == (q, Govg/K)
is contained in By and {0y | q € 8’} = .. By Lemma we conclude that Bg = 1
and thus H'(Gg) =~ H'(Gy) by [37, Lem. 10.7.4 (i)], which implies that the maximal
elementary abelian extension of K unramified outside S’ is unramified.

Since Kg*” = K%, we have that the elements (t, K§""/K) for t € Tk generate

Gal(K$**/K) = c(K)/p and thus by Lemma 2.3 we conclude that B (K) = 1. From

HY(GE¥) = 0, we deduce that G5 = 1 and thus S is a Koch set. O
Remark 2.5. — 1. If S" is a Koch set, then Proposition together with G?S, =1

implies that |S’| = df.

2. Let T and T} be two minimal generating sets of the p-part of cl(K). Assume
that S’ is a Koch set for Tk and that S’ n Ty = . Then S’ is also a Koch set
for T7,.

We briefly discuss statistics on Koch sets. Let Tk be a fixed set of primes of K such
that their classes form a minimal generating set of cl(K)/p. Under these assumptions,
we obtain the following proposition.

Proposition 2.6. — Let d > 0 be a fized integer. For each X > 0, let A(X) consist of
sets made up of d + dy tame primes p of K satisfying Np < X. Let B(X) be the subset
of A(X) consisting of those sets S that admit a Koch set. Then we have

dj—1
- BX) 7 —(d+d.
lim = (1 — pi=ld+di)),

Proof. — For a prime ideal q of K, fix a prime q; of K; above q. For a finite set S’ of tame
primes and finite set 7' of primes with 7' n S’ = &, BL, = 1 and G};S, = 1 if and only

if the set W == {(q1, Gov’ /K})}qes is a basis of the F,-vector space Gal(Gov'/K)); By

Lemma BL = 1is equivalent to W spanning Gal(Gov’ /K}). Moreover, Proposition
shows that, under this condition, G}; o = 1 holds if and only if W is a basis. Hence,

a set S admits a Koch set if and only if {(q1, Gov’ /K})}qes spans Gal(Gov’ /K}).
Now let C'(X) be the set of (d+ d))-tuples (q;); of tame primes of K satisfying Ng; <
X for all 4, and let D(X) < C(X) be the subset for which {(q;, GOVT/Kl)}KiSder/K spans
Gal(Gov!/K}). Then we have
i [BCOL_ID00]
Xow [AX)] - X0 |C(X)]




since both [C(X)| — |A(X)| and |D(X)| — |B(X)| are of order O(r(X)**¥x~1). On the
other hand, the Chebotarev density theorem implies

! !
gy JCCOL 1 DXL N ddien)
X 00 7T(X)d+dK [Kl . K]d+dK X —o0 7T()()d—&-dK ([Kl . K] ,de)d+dK
where N(a,b,p) denotes the number of a x b matrices over F, of full rank. The claim
now follows from the explicit formula for N(a,b,p) (cf. [13, Theorem 7.1.5]). O

Remark 2.7. — If we let d tend to o in Proposition [2.6] then the right hand side tends
to 1. Thus, one can expect in practice that any large enough S admits a Koch set (for
some Tk, see Remark .

2.2. Koch-type presentations and linking data. — Fix a prime p, and two inte-
gers d and d’. Given two finite sets X = {z1, ..., 24} and X' = {2}, ..., 2/, }. A linking tuple
A is a quintuple X == (X', X, ¢, p,w) consisting of the following data:
— a function € : X’ x X — {0,1}, to which we associate for each 2’ € X' a set
Supp,(2') = {z € X' | e(a’, z) = 1};
— a function p : D, — F, where

D, = {(az‘,y) e (XuX')xX

reXand y # z or '
r € X’ and y € X\Supp,(z) |’

— a sequence w = (w,)exux with 0 # w, € pZ, for ze X1 X".
If X' = &, we simply write (X, u,w) instead of the full quintuple.

Definition 2.8. — A pro-p group G is said to be represented by a linking tuple A =
(X/7 X7 87 /’1/7 w) if

G >~ <Tx17 vy Tay

for some elements (7,1 )wex/, (Yu!)orexr and (Ya, )zex in F = F(X) satisfying

(Tx;)wz; [72rs Yot ] = 1 for 2} € X

T;zj (7o, Yz,] = 1 for z; € X

d d
H (o)) (mod F), Yo, = HT;:Z(W’IS) (mod (Fy, ij>)

s=1

and Yot = H (o) (mod (Fy, Supp,(2}))),

where ' : X! x X — F, is a function satisfying p'(2', ) = 0 iff e(2/, ) = 0.

Now, let K be a number field not containing ¢,, and we fix T%. Let S be a finite set
of tame primes admitting a Koch set S’. We construct a linking tuple A% in the following
way. Let X/ := 5" and X := S\S’. Then by Lemma [2.3| we have

KT elab @FZL’

zeX

For 2/ € X’ fix a generator 7,s of the inertia group of z’ in (K1)®**/K. For x € X
let p(z’',x) be the z-coordinate of 7,,. We also fix a Frobenius ¢,/ in the maximal
subextension of (K2)®#/K unramified at 2/ and set pu(z’,z) to be the z coordinate
of ¢, for x with e(2’, x) = 0. It is not hard to see that this value is indeed well defined.
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Similarly, for z € X we let ¢, be a Frobenius in (Kg\{x})el’ab/K and let for y € S\{z}
be u(x,y) the y-coordinate of p,. We set w, = N(q,) — 1, where g, is the prime ideal
corresponding to z € X 11 X',

These constitute )\?;K = (X', X, e, p,w). If we want to distinguish the data in the
linking tuple from another one, we sometimes write ,ugK instead of u, etc..

The following Theorem shows how )\EK and G?‘ are related:

Theorem 2.9. — We fix Tx. If S admits a Koch set, then G?;K s represented by the
linking tuple )\gK .

Remark 2.10. — Liu |32, Theorem 1.1] proved a more general result in a different
context, from which Theorem [2.9 follows. We give a short proof of this case following the
lines of Koch [26], Section 11].

Proof of Theorem — By assumption, we have B¢ = 1 and G?fs, = 1. Thus, Propo-
sition implies that the inertial generators at the primes q € S\S’ form a minimal
system of generators of G?’(S. By Theorem 6.11 of |26], it remains to prove the ex-

istence of an injective map ]_H?;K — B?;K, where H_I?;K denotes the kernel of the map
H2(G?,<S) - @pes H*(%,).

The following argument closely follows the proof of |26, Theorem 11.3|. Thus, we
only indicate the necessary modifications. Instead of the subgroup s considered in [26],
namely the normal subgroup of the maximal pro-p Galois group G of K generated by
inertial subgroups at primes outside S, we use the larger normal subgroup %TK generated
by the inertia subgroups at primes outside S together with the decomposition subgroups
at the primes in T. In this setting, we obtain an exact sequence

0 — (UIg")" — TG* (TGP [Ts", Gx] — Gi/(Gx)a.
By local class field theory, there exists an epimorphism
[T BBy [] K587 = T1 5/ 5% % [] %/~ TSI 15", Gl
p¢SUT K peTx p¢SUTk peTk

Here ¥, denotes the Galois group of the maximal pro-p extension of K, and .7} its inertia
subgroup. We now argue as in the modified version of diagram [26], (11.7)], using the
isomorphism

Vb:gUTK/KXPEkeI'( H Ep/E;I;X HKpX/Kpo%JK/J;}KX)’
p¢SUTK peTx

where Jx denotes the idéle group of K. O]

2.3. Realization of linking data in the number field case. — In |27, p. 17§]
Labute asked in case K = Q — in our notation — whether for every linking tuple
A = (X, p,w), there exists a set of tame primes S such that one has p = pg for Ag =
(X, s, ws) under a suitable identification of S and X.

The following theorem answers his question positively for arbitrary number fields not
containing a primitive p-th root of unity. Throughout this subsection, we fix an arbitrary
number field K satisfying ¢, ¢ K together with Tk.

Theorem 2.11. — Let X’ be a finite set of cardinality dy = rx + d,cl(K) and X be an
arbitrary finite set of cardinality d. If A = (X', X, e, u,w) is a linking tuple, then there
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exists a finite tame set of places S with |S| = d, containing a Koch set, such that, after
a suitable identification of X' and S’ and X and S\S’, we have:

e (W) = (W) 2 e, forany ze XuX.

There is a more general form of the above theorem, for which we need the notation
of extension of linking tuples. Let A = (X/ X, e, u,w) and A = (X', X, €, 1,w) be linking

tuples. We say that X extends \ if X X and the functions e, € and pu, f are equal,
wherever both of them are defined. Note that D, < Dz under these assumptions.

Theorem 2.12. — Let K be a number field and fix Tx. We assume that SNadmz’ts a
Koch set S". Let )\gK be the linking tuple associated to it. Consider A = (X', X, &, i, D)

a linking tuple extending XgK . Then there exists a set S containing S in bijection with
X u X’ such that

e =¢, ungﬁ, (wg)xzcﬁm forze XuX’

and  vp(W5)2) = vp(@,) for v e X\X.

Note that Theorem follows from Lemma together with Theorem Fur-
thermore, Theorem follows from an inductive application of the following technical
lemma, which is based on a method developed by Maire and Sankara in [35]:

Lemma 2.13. — Let p be an odd prime and K a number field with ¢, ¢ K. Fiz Tk.
Assume that S admits a Koch set S'. Given the following data: a subset S, < S’; for
each q € S\S, an {; € F,, an element T in (G?f)ehab, and an integer m = 1.
Then there ezists a place q' of K and a cyclic extension L/K of degree p such that

L oo(N(@) = 1) = m

2.(q, (K™ /K) = 7;

3. L/K is ramified exactly at S, v {q'} and totally split in Tk;

4. there is a generator o of Gal(L/K) such that (4, L/K) = o for each q € S\S,.

Proof. — We choose a further place ¢y and define © = Tk U (S\S,) U {to}. For a place
v we denote by ¥ =~ Z, the Galois group of the maximal unramified pro-p extension
of K,. We also choose Frobenius lift ¢, that generates ¢". Now for t € © we define
Xt € H'(4") by

0 ifte TK;
xi(pr) = ¢y ift =qeS\S,, and
1 ift =t

and consider x = > o Xt € P, H'(¥4"™), which is non-zero since yy, # 0. Let
o = p°(x) H(ql, Gov®/K,) € B® < Gal(Gov®/K),
qeSy

where ¢, denotes a fixed prime of K; above q and ¢® is the map appearing in Lemma
. Note that by Lemma the image of « in B@T is equal to gos (x)-

Now, let F' be the composmum of the fields Gov®, = K(¢m), and (K&)eh=b,
Note that by ¢, ¢ K we have the following 1ntersect10ns.

K, =Gowv®nK,, K=K,n (K?K)elzab7 and K = Gov® A (Kgx>el,ab_
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Clearly F'/K is a Galois extension. Due to the observation about the intersection of the
fields there exists a § € Gal(F'/K) with the following properties:

() Blin =1 () B|ytomm =7 (i) Flowe =0

Now, we choose a place Q of F', which does not divide any place in © such that
(Q,F/K) = . We define q’ to be the place of K below Q. We now show that con-
ditions [ to @ are satisfied.

Condition (1] follows directly from the fact that q is completely split in K,,,/K by (i)
and Condition [2|is a direct consequence of (ii). We next construct the extension L/K.
For that consider the following commutative diagram with exact rows

"Z)@ [C]
H'(Grs,) —— @, H'(GY) —2— BY.

Lo |l

¢STU{ l} ur SOSTU{ /}
Hl(GSru{q’}) — @ue@ Hl(Gv ) = Bgv-u{q’}

Now, by construction of ' and Lemmal[2.2] we conclude that ¢ () = 1. Thus there exists
a character 0 # X € H'(Gg, (q}) such that wgu{q,}(@ = x. We now let L be the field
corresponding to ker ¥. Since x and hence X is not trivial, we see that Gal(L/K) = F,,.
Let o be the generator of Gal(L/K) mapped to 1 in F, under .

We immediately see, that for each q € S\S, we have

)?((CI’L/K)) = Xq(q) = L.

This shows . By a similar argument, we get that each place of Tk is split in L/K.
Furthermore, since L © K, (q}, the set of ramified primes of L/K is contained in S, u
{q'}. Moreover, L/K is ramified at q' because G%, = 1.

It remains to prove . By the condition x;(p;) = 0 for t € Tk, we have

gt = (Q N Ky, Gov? /K)) = H(ql,GovT/Kl).
qeSy

Hence, by the Gras-Munnier theorem [11], there exists a degree p cyclic extension of K
that is precisely ramified at S, U {q'}. This extension coincides with L, because otherwise
we have d(Gg,U{q,}) > d(GEN{q,}) > 2. Since S’ is a Koch set, Proposition implies
d(G& ) = 1, a contradiction. O

Remark 2.14. — If one assumes that K n Q((m) = Q, e.g., if K/Q is unramified at
p, then it is also possible to prescribe the precise value of N(q') — 1 (mod p™) and thus
its valuation. The reason for this is that K ((m)/K((,) = 1+ pZ/p™ < (Z/p™)* and one
can choose (g, € Gal(K,,/K;) in the proof arbitrarily. This statement is used by the

m

first author in [7].

3. Mildness of G ¢

We recall that K is a number field not containing ¢,. We fix Tx a minimal generating

set of cl(K)/p. We prove Theorem [A]
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Theorem 3.1. — Let Sy be a finite set of tame primes such that |Sp| = 2 and disjoint
from Tx. We can find a set Sy of tame primes disjoint from Tk, such that |S;| = 2(1+d})
and G?fsluso has cohomological dimension 2 and deficiency d'y.

Proof. — We aim to show that G/} ‘syus, 18 mild (with respect to some filtration). Let Tk
be as in the statement, and choose a Koch set of tame primes S’ such that S’ n Sy = .
Note that |[S’| = d), which we abbreviate by d’. We write S = Sy u §’. Let d =
|S\S'| = |So| = 2. By Theorem , the group ijfs is represented by a linking tuple
A = (X, X, e €, it wik) associated with the Koch set S

We now define a linking tuple (X', X, ¢, i, &) that extends AG¥. Recall that X' =
{of,..., 20}, and X == {z1,...,24}. We 1ntr0duce X = X1 {al,a27b1, ..., bg}, and we

define the extension £: X' x X — {0,1} of £ == £ by setting for z € X
e(zy,x) ifreX,
E(xy,r) =<1 if x = as, and

0 if 2 # ay € X\X.

This implies that Suppz(z},) = Supp.(x}) U {az}. Thus D, < D;. For the convenience of
the reader, we note that D; is the following (not necessarily disjoint) union:

D: = D, UII(X) U {(z, b)), (¢}, a1)| 1 <k,i<d}.

Following the general construction, we define a map fi: Dy — F, extending p = ng
by:
fi(y, bi) = fi(bi, ar) # 0 for 1
f(zi,ar) #0 for 1
fiaz, z1) = fi(zq4, az) = filar, ra) # 0

<
<

and zero for all other palrs in DA\Dk..
We furthermore set &z = p? for 7 € X\X By Theorem [2.12] n there ex1sts a set of tame

primes S 58 with STk = @ such that the linking tuple )\?‘ = (X, X, 53 ,,uS , ?()
associated with S’ satisfies
ng = I, 5?‘ =g, 1 ((w?‘)g) > v,(Wz) =2for T e X\X.

Note that |S] = d + 2 + 2d'. Set S == S\Sp: then |S1]| = d' + 2+ d = 2(1 + d').
We conclude by showing that GTK~ = G K sous, 1s mild. For this purpose, we apply

Theorem [1.8] to the presentation @~ comlng from Theorem 2.11} We put weight e,, =
=€, =2and e, = ¢, = 1. Since p =3 and for ¥ € X\X we have Vp((w§)~) > 2, we
infer the following (nontr1v1al) d+d +d +2=2+d+ 2d relations:

T

le; = [7—%77—(11]“ (@) (mod Fea), oy = [Txd:Taz]# 5" (@) (mod Fe74)
T

lay = [Ty T, ]“ @ra) (mod Fly), la, = [TQQ,TII]“ Fla2) (mod FLy),

/ T / /
lbi = [Tbi; Tal]'u *(bia1) (mod Fe,S); lm; = [Tbka Ta2]u§ (xk’bk)'(ﬂg() (w,a2) (mod Fe73>

Therefore, the group G K has an ()NC, e)-RAAG presentation. The underlying
graph I" has X = {ay,as,bq, .. bd/ T1,...,%q}, as set of vertices and the 2+d+d +d' =
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d + 2 + 2d’ edges given by:
E = {{LEl, al}? ey {xd—h al}? {ajd; (12}7 {a/h .Td}, {a27 xl}) {bk7 a’l}a {a25 bk‘}}

Note that the graph T is bipartite: for instance, we endow the vertices {ay, as} with blue

color and the vertices {by,..., by, 21, ..., x4} with red color.

bl Ty
ax

by ® T9

F — ®:
bd’—l Tg—1

az

ba Lq

Thus, we conclude from Theorem that ,@gk is mild. The deficiency of GEK is d +
242 —(d+2+d)=4d. O

Remark 3.2. — Assume that Sy admits a Koch-type set. Then we can take S; of
size 2 + d’; such that G?}‘Slu s, 18 mild. As noted in Proposition and Remark ﬁ, this
situation is relatively common for large Sy.

Remark 3.3. — The proof of Theorem . 1| shows a sharper result than that GLX K.S0uS:

has cohomological dimension 2. There exists a bipartite graph I' == (X,E), with [X| =
1So| + d + 2 and a weight e € NI such that Gx ‘5,08, 18 2 (X, €)-RAAG, and so:

Z(X, GiEsus) = Z(X.T).
Furthermore, the graph I" and the weight e are both explicitly constructed.
As a direct consequence, we infer Corollary [I]

Corollary 3.4. — Assume d}; = 0 (for instance if K = Q). Let Sy be a set of tame
primes, with cardinality d > 2. Then there exists a set S1 of tame primes of size 2 such
that Gsyus, admits a mild presentation for some ()NC, e)-filtration. In particular Gg, s,
has cohomological dimension 2 and deficiency 0.

Remark 3.5. — In the case K = Q, Theorem [2.12| gives us large freedom in the
choice of linking numbers, which are related to the values of some cup products (see
for instance [37, Proposition 3.9.13|). This fact allows us to propose an alternative
proof of Corollary using the criterion of Schmidt [43] Theorem 5.5]. We denote
DY Xay» Xags Xa1s - - - » Xz, the characters associated t0 Ta,, Ty, Tays - - -5 Ta, 0 HY(Ggpos,)-
We define by V' the vector space generated by Xa,, Xa, and U the vector space generated
bY Xays- -5 Xay- Then the decomposition H'(Gs, s,) = U @V satisfies the condition of
the criterion. Thus, G, s, has a mild presentation.

Remark 3.6. — The proof of Theorem allows us to show the following results:
e Assume that Sy contains only one tame prime Then, there exists a set S; of tame
primes of size |Si| = 1 4 2(1 + d% ) such that GKS s, 18 mild (and has deficiency d).
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e Assume that Sy is empty. Then, there exists a set S; of tame primes of size |S;| =
2 +2(1 + d) such that G?fso is mild (and has deficiency d% ). Using Proposition |4.3| we
can make better choices of Sy, which allow us to control cup-products. For the special
case K = Q, we refer to Remark

4. Genus problems for G ; and graph theory

We follow the terminology of Leoni [31], which we adapt to our context. Let I' :=
(X, E) be an undirected graph. We define the genus of I' as the set of pro-p groups:

gen(I') == {G such that Z(G) ~ Z(I')}.

We note that the pro-p RAAG Gr (defined in Example is always in gen(I"). Thus the
previous set is never empty. Furthermore, for a fixed T', all pro-p groups in gen(I") share
nice common properties. One of the most notable properties is cohomology. Precisely,
as shown for instance in [19 Proposition 1|, every pro-p group G in gen(T") satisfies an
isomorphism of graded algebras H*(G) ~ <7 ().

We now return to the cohomological inverse problem stated in the introduction. We
fix a number field K not containing (,. For which graphs I' do there exist a finite set of
tame primes S and a finite disjoint set of primes 7" such that G}; g is in gen(I")? If G}; S
answers the previous question positively, then we note, using the FAB property, that G}; S
is not isomorphic to Gr.

Proposition and Theorem already give some obstructions on the structure
of I'. Yet, as noted in the introduction, we currently have no tools to handle the case where
the cohomological dimension of G% g is finite but strictly greater than 2. This limitation
naturally leads us to consider triangle-free graphs, a choice justified by Proposition [I.10]

4.1. Pseudoforest graphs. — This section exhibits a family of graphs relevant to the
genus problem. We say that a graph I' = (X, E) is a pseudoforest if each connected
component has at most one cycle. If |X| = |E|, then each connected component has
precisely one cycle by Euler’s formula. We call those graphs strict pseudoforests. We first
record the following lemma.

Lemma 4.1. — The graph T' = (X, E) is a strict pseudoforest if and only if there exists
a map pr: X — X such that

E=E;, = {{zy, or(z)} | v, € X}

and o} has no fized points.

Proof. — For this proof, we use the following characterization of pseudoforest from [24],
§1.1]. A graph is a pseudoforest if and only if its edges can be oriented so that each vertex
has indegree at most one.

First, observe that for any choice of ¢r, the map 2 has no fixed point if and only
if |X| = |Ey.|.- Let I' be a strict pseudoforest. For each connected component of I, fix
an arbitrary orientation on its unique cycle. On each tree attached to the cycle, orient
every edge away from the cycle. In this way, we obtain an orientation such that every
vertex has indegree 1. For each vertex z,, define pr(x,) to be the unique vertex having
an oriented edge toward z,,.
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Conversely, suppose that we are given a function ¢r such that E,. = E. We orient
each edge from ¢r(z,) to x,. Then every vertex has indegree 1. It follows that I" is a
pseudoforest. O

A graph I' = (X, E) is said to be inertial if it contains a strict pseudoforest (X, E’)
such that E' < E. In particular, for a number field K, the graph I is called K -inertial if
it is inertial with |E| > d} + |X].

Remark 4.2. — Assume that I' == (X, E) is K-inertial. We denote by I'y = (X, Eq) a
strict pseudoforest satisfying Eg < E. By Lemma [4.1] there is a map ¢r : X — X, such
that ¢f has no fixed point, and E,. = Ey. Furthermore, the graph T' is triangle-free if
and only if 2 has no fixed point.

4.2. The result for the genus problem in arithmetic. — Let us now state the
result of this section.

Proposition 4.3. — Let I' = (X,E) be a triangle-free K-inertial graph. Then
there exist disjoint finite sets S and T of primes of K such that G?{S is in gen(I).
Thus H* (G ) ~ </ (T).

Proof. — From Remark [4.2] the graph I' contains a strict pseudoforest (X, E,,) associ-
ated with a function ¢r : X — X such that E = E,. 11 E; 1 E;, where |E;| = d) and
|E3| = 0. We identify X’ with E;. For each 2/ € X', we orient the corresponding edge
from h(z') € X to t(z') € X. We define a function ¢: X' x X — {0,1} by

{1 if x = h(2'),

e, x) = )
0 otherwise.

Thus, we have Supp,(2’) = {h(2')}, and so D, = II(X) 11 {(2', x)|z" € X,z # h(z')}. We
define a function p : D, — F, as follows. For z,y € X, we set

(zy) = {1 if y = ¢r(z) and

0 otherwise.

Furthermore, for 2/ € X" and y ¢ Supp.(z’), i.e. y € X but y # h(z'), we set

1 if y =t(2’) and
/ —
uaty) = {O otherwise.

By Theorem [2.12] there exists a finite tame set S admitting a Koch set S’ satisfying
AGE = (X', X, &, t,w) with w = 1. By Theorem w, the group G?ﬁs admits a minimal
presentation

Gikg = (rpe X |1, I} (reX, ye X))

satisfying I, = [7,, Top(p)] (mod Fy) and I} = [74), Tyy] (mod Fy). Here, the latter
congruence follows from the assumption p > 3.

If E; # &, then we enlarge T to T by adding primes | whose Frobenius automor-
phism oy € G};{‘S satisfies oy = [Ty, Tz,| (mod F3) for {z1,x2} € Ey, using the Chebotarev
density theorem. One then checks that G?S is a 1-RAAG associated with the graph T'.
Hence, by Proposition , the group G% ¢ is mild, and the desired statements follow. [
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Corollary 4.4. — Take dy = 0. Let T be a triangle-free inertial graph. Then there exist
disjoint finite sets S and T of primes of K such that G};,S is in gen(I"). Thus H’(G%S) ~
o (T).

Remark 4.5. — Let I be a cycle with 4 vertices, then the associated algebra o7 (I") is not
universally Koszul (see [36] for a definition of universal Koszul algebras and conjectures).
Thus, conjecturally there is no field K, containing a primitive p-th root of unity, such
that H*(Gg) ~ <7 (T') and thus G can not be in gen(T).

It has already been shown that Gr does not occur as G (see [40, Theorem 5.6]).
The situation with maximal pro-p Galois groups with restricted ramification is very much
different. Indeed, by Corollary applied to K = Q, we find a tame .S such that Gg is
in gen(I') and so H*(Gg) ~ &/ ().

5. Numerical examples and computations

5.1. Examples Theorem |Al — It is not hard to find numerical examples of 2(1 + d)
additional tame primes, satisfying Theorem [A] in concrete situations. All the computa-
tions were made using the computer algebra system OSCAR [38]. The relevant source
code can be found at [8]. Write Sy = {q1,q2,...,q4}. Then we are looking for tame
primes ga,, Gass G115 - - > q1.d» 42,15 - - - » G2.a,, Such that the the linking numbers satisfy the
relations from the proof of Theorem 3.1} In our search we were minimizing the size of g,,
and chose the other primes accordingly. We give examples in the rational and quadratic
real cases.

5.1.1. Rational case. — Take p = 3. For Sy = {7,13,19,37} one finds that the set of
tame primes S; = {10639, 826093} completes Sy to satisfy Corollary

5.1.2. Real quadratic case. — Fix p = 3. We give two examples:

(a) Consider K = Q(+/3), we have d} = 1. We note that S’ = {(5)} yields a Koch
set for K. Consider Sy == {(7),(—+/3 + 4)}. Following the proof of Theorem [3.1| we are
able to construct

Sy = S'11{(1063), (593), (531V/3 + 2224)}

such that Gk g with S = So U Sy is mild.

(b) For K = Q(+/79), we compute that dj = 2 and set Ty = {(3,v/79+1)}. We set
So = {(7,V/79 +4), (13,79 + 1)}. Then S’ = {(7,/79 + 3), (11)} is a Koch set disjoint
from Sy and we find that for

Sy = S 1 {(65V79 + 66), (17389, /79 + 4273),
(—2919v/79 + 26594), (86121199, V79 + 5709782) }

and S = So u St the group GTI;Kg is mild.

5.2. Examples for 1-RAAGs. — We give two examples. One in the rational case,
and the other in the real quadratic case. We take p = 3.

5.2.1. Rational case. — Consider the case K = Q. Then df, = 0 and Tx = .
Let us consider T' the 4-cycle graph with vertices X = {1, %9, 23,74} and edges E =
{{z1, x2}, {x2, 23}, {x3, 24}, {4, 21}}. Then for S = {7,13,181,5563}, the group Gg is
a 1-RAAG with respect to I' and thus its cohomology is <7 (T").
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5.2.2. Imaginary quadratic case. — Let K = Q(1/—31), then dj = 1. We consider the
graph I' .= (X, E) on six vertices and seven edges:

E = {{1‘1, ZL’Q}, {I‘Q, (L’g}, {l‘g, CL’4}, {I4, 1'5}, {ZE5, 1‘6}, {Zlf@, ,Il}, {ZL’l, I4}}

The set Ty = {(2, ¥=22)} generates cl(K) = Z/3 and 5" = {(7,+/=31 + 2)} is a Koch

set. Furthermore, if we set
S = S"1{(7,+/=31 +5),(13), (4129), (3613),
(257443, /31 + 245436), (1062643, /—31 + 778479)}
then G?,{s is a 1-RAAG for I' and hence H‘(G?fs) ~ o/ ().

5.3. Examples which are not (X,e)-RAAG. — Fix three finite sets X =
{z1,.. . 2q}, X' = {a),...,2),} and Xy = {#,...2,}. Let &£ = Z(X). We in-
troduce a family p = {pz, por,p.| =€ X, 2" € X',z € Xy} in %. We denote by Z(p)
the quotient of .Z by the Lie-ideal generated by p and o7 (p) the quadratic dual of &(p).
Here &(p) is the quotient of & = &(X) by the two-sided ideal generated by p. For
instance, we refer to [39, Chapter 1, §2| for definitions and references on quadratic duals.

Since p is odd, then % = [, 4 ]. We assume that for every x; € X, there are
coefficients a;; € F,, such that p,, = ij X s £y Qg [Xi, X;]. For every z;, € X', we assume
there exists a tuple (ug,vg) € II(X) such that py = Ay [7u,, T,] with A, € Fy. This
allow us to define a function €,: X’ x X — {0, 1} by

, 1 if & = wy,

£l @) = {0 otherwise.
Thus, we have Supp, (z}) = {us}, so (z},vx) is in De,, and we have:
D, = I(X) v {(x}, z,)
Thus, the family p induces a map p,: D., — [, defined by:

/
xy, € X, Xy, # U}

pp(iy x5) = a; and  py(), vp) = Ay, else (), x) =0,

for z; € X, and xj, € X'. In particular, we have p, = >}, ., po(i, 2;)[Xi, X;].

Proposition 5.1. — We assume that there exists an order < such that p =
{putuexixx, s combinatorially free.

Then for any number field K satisfying d' = d'y, there exist a set S of tame primes
and a disjoint set T such that

X(G?S) ~ Z(p), and H.(Gﬁ,ﬁ ~ d(p).

Proof. — This proof is very similar to the one given in Theorem [£.3] We fix Tx. By
Theorem there exists a tame set S such that 5?{ = ¢, and ,ugK = Uy

By the Chebotarev Density Theorem, we can find a set of primes Ty = {t,,z €
Xy}, disjoint from T, such that the associated Frobenii y, satisfy ¥px)(y.) — 1 = p.
(mod E3(X)) for z € Xo. We define T := T, U Tp. Since the family p is combinatorially
free, we conclude that the presentation 22 is mild and so:

L(Cs)~ L(p), and H'(Ghg) ~ (p).
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Remark 5.2. — The results on (X, e)-RAAGs do not require the full strength of The-

orem . Only the vanishing of ,ugK (wi,x;) # 0 is relevant. But Proposition heavily
depends on the precise values of linking numbers.

Example 5.3. — Let p = 3. We consider various situations for K a number field not
containing (,, and give numerical examples for Proposition
(a) We fix d = 4 and d’ = 0 so X = {21, 29,23, 24}. We define a family p in %, by:

p1 = (X1, X4], po=[Xo, X5+ X4], ps=[X5 X1+ Xo+ X4,
and P4 = [X4,X2 + Xg]

The order > is given by X; > X5 > X3 > X,. Thus, u(z;,x;) = 1 except for (z;,x;) =
(21, x2), (21, x3), (T2, 1), (T4, x1), where it takes the value 0. Here, we note that <7 (p) is
presented by four generators X, X5, X3, X, and twelve relations:

{X?, XuXv + XUXM, XlXQ, X2X3 — X2X4 + X3X4, 1 < ) < 4, 1 SuUu<v< 4}

Assume that K := Q and p = 3. One can explicitly choose S = {31, 163,409, 433}, and
we have H*(Gg) ~ o/ (p) and Z(Gs) ~ Z(p).
(b) We set X := {x1, z2, 23,24, r5} and define a family p in % by:

pri=[X1, Xa], po=[Xo, X5 — Xu], p3=[X5, X1+ Xo + X4,
pa =Xy, Xo — X3], ps5=[X5,X1], and py = [Xs, X5].

The order > is given by X; > X5 > X3 > X; > X;.
Here, we note that 7 (p) is presented by five generators X, Xo, X3, X4, X5 and 19
relations:

(X7, XX+ X, Xu, XiXo, X3X;,
X4X5, )(2)(3—|—)(2)(44-)(3)(47 1 <Z<5,1 <U<U<5}
Take p = 3 and K = Q(+/5) then d} = 1 and S’ = {(2)} is a Koch set. If we consider
S = {(2),(283), (4v/5 — 1), (353), (=/55150)  (=3asy5o1r))
then H*(Gks) = o/ (p) and £ (Gks) ~ ZL(p).
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