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Abstract. — Let p be an odd prime and let S be a set of tame primes. We denote by GS

the Galois group of the maximal pro-p extension of Q unramified outside S.
We prove that for every finite set of tame primes S0 with |S0| ě 2, there exists a set S1

consisting of two tame primes such that GS0YS1 has cohomological dimension 2. This refines
a result of Labute. More generally, we establish an analogous result for number fields not
containing a primitive p-th root of unity, under a suitable splitting condition.

Our approach answers a question of Labute, from his seminal paper on mild groups, and
combines weighted Zassenhaus filtrations, graph-theoretic methods, and Koch-type presen-
tations. As an application, we solve several cohomological Galois inverse problems with
prescribed ramification and splitting. We also provide numerical examples and statistics.

Introduction

Context. — Let p be an odd prime and K be a number field. A prime q of K is said
to be tame if Npqq ” 1 pmod pq. For a set of finite tame primes S and T a set of primes
disjoint from S, we denote by GK,S (resp. GT

K,S), the Galois group of the maximal pro-p
extension of K unramified outside S (and resp. totally split in T , with T a set of primes
disjoint from S). For K – Q, we use the notation GT

S .
Following the work of Golod and Shafarevich on class field towers, the structure

of the groups GT
K,S has become a central topic in Galois theory. Using their famous

result, several infinite (indeed nonanalytic) groups have been constructed as GT
K,S, with

various arithmetic applications ([15, 14, 17]). However, despite the abundance of such
examples, relatively little is known about their structure. By class field theory, the
groups GT

K,S are FAB, i.e. every open subgroup has finite abelianization. The celebrated
tame Fontaine–Mazur conjecture (see [9, Conjecture 5b]) also predicts that every p-adic
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analytic quotient of GT
K,S is finite. This highlights the importance of understanding such

groups in the context of Galois representations.
Koch was the first to determine a complete presentation for the groups GS (see [25,

26]), which opened many directions for further investigation. Building on these results
and the concept of strongly free sequences and mild groups introduced by Anick [2, 1],
Labute [27] was able to construct several groups GS of cohomological dimension 2. He
showed [27, Corollary 6.3] that every finite set of tame primes S can be extended to a
tame set rS of size 2 ¨ |S| such that GrS is of cohomological dimension 2. For the case p “ 2,
we refer to [29, 10]. Later, Schmidt [44, 42, 43] interpreted these results in terms of
the étale homotopy type of SpecpOK,Sq, and showed that, for the sets S considered by
Labute, SpecpOK,Sq is a Kpπ, 1q space for p in the context of arbitrary number fields.
We refer to [28] for an historical survey. For other applications related to mild groups in
arithmetic, we refer to [22, 18, 21, 34, 17]. Currently, it is still unknown whether there
exists a group GT

K,S of finite cohomological dimension greater than 2.

Statement of the results. — We assume throughout the paper that K does not con-
tain ζp, a primitive root of unity. We denote by clpKq the class group of K and d1

K –

rK ` dpclpKq, where rK is the torsion-free rank of Oˆ
K and dpclpKq denotes the p-rank

of the class group. We fix TK a minimal set of primes generating the p-part of the
class group clpKq. Note that TK always exists using the Chebotarev Density theorem
and |TK | “ dpclpKq. For instance, if p is large enough or K “ Q, then TK “ H. Let S1

and S2 be two sets of primes. We introduce

V S2
S1

pKq –
␣

a P Kˆ
| a P Kˆp

q for q P S1 and p | νtpaq for t R S2

(

{Kˆp,

with νt the normalized valuation associated to t. This allows us to define the Koch-
module BS2

S1
pKq as the dual of V S2

S1
pKq.

We say that S 1 is a Koch set if it is tame, disjoint from TK , and satisfies paq BTK
S1 pKq “

1, and pbq GTK
K,S1 “ 1. A finite tame set S admits a Koch set if S contains a Koch set S 1

and is disjoint from TK . We show in Lemma 2.4 that a set S can always be extended
to contain a Koch set. Furthermore, Proposition 2.6 implies that for S large enough one
can expect S to already admit a Koch set with high probability. If S admits a Koch
set, then an analog of the presentation of GS given by Koch exists for GTK

K,S. This was
observed by Liu in [32, Thm. 1.1]. We call these presentations “extended” Koch-type
presentations. For a precise definition, we refer to Section 2.2. A crucial piece of data of
such a presentation is a linking type function denoted µTKS . Note that when K “ Q, the
group GS has a Koch-type presentation and µS is the usual linking map as considered
by Labute [27] and many others (see for example [42, 41, 34]). Using an argument
developed by Maire and Sankara in [35], we positively answer a question posed by Labute,
see Theorem 2.11, and extend it in our context. It roughly states, that every function µ
with the right domain can be realized as µTS . Theorem 2.11, coupled with well-chosen
weighted Zassenhaus filtrations, is fundamental in our work. We state our main result.

Theorem A. — For any finite set of tame primes S0 such that |S0| ě 2, there exists
a finite set of tame primes S1 such that |S1| “ 2 ` 2d1

K and GTK
K,S0YS1

has cohomological
dimension 2. Furthermore, the deficiency of GTK

K,S0YS1
is d1

K.

A notable feature of Theorem A is that the size of S1 depends only on K, and is
completely independent of the size of S0. The careful choices on weighted Zassenhaus
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filtrations used simultaneously with Theorem 2.11, and combined with arguments from
Right Angled Algebras developed by the second author in [19] (see also Remark 3.3), are
essential in our proof. Previously, Forré [10] used judicious choices of filtrations to infer
results on mildness for the case p “ 2. Gärtner [12, Remark 2.12, piiq] also noted that
mildness of a presentation may depend on the choice of the filtration.

As a direct consequence, for the case K “ Q, we refine [27, Corollary 6.3].

Corollary 1. — Let K “ Q, and S0 be a finite set of tame primes such that |S0| ě

2. Then, there exists a set S1 of two tame primes such that GS0YS1 has cohomological
dimension 2.

A similar approach allows us to study some cohomological inverse problems in the
context of restricted ramification with splitting. We refer to Section 4. Namely, we realize
some quadratic algebras as cohomology algebras of groups GT

K,S for some well chosen S
and T . For this purpose, we use graph theory. It has been extensively used to study which
pro-p groups arise as maximal pro-p Galois groups of fields. Snopce and Zalesskii [45],
together with Cassella and Quadrelli [5], characterized which pro-p RAAGs are maximal
pro-p Galois groups. They resolved several conjectures in this class. For further work,
see [4, 23, 19, 31].

Some numerical examples. — The results and proofs of Theorem A, and Section 4
can be made computationally effective to produce concrete examples. We used OSCAR
(see [38]) for our computations. The source code and a Jupyter Notebook, containing all
the examples, can be found on the first author’s GitHub under [8].

For example, by virtue of Theorem A we show in Subsection 5.1 that the group GS,
for p “ 3 and the set S – t7, 13, 19, 37, 10639, 826093u, is mild with respect to a weighted
Zassenhaus filtration and therefore of cohomological dimension 2. We give further exam-
ples of this behavior also in the case of more general number fields in Section 5.1.

Furthermore, Subsection 5.2 produces examples of groups GS whose Fp-cohomology
ring H‚pGSq comes from graph theory. Let A be the graded algebra over F3 presented
by four generators tX1, X2, X3, X4u and 12 relations:

tX2
i , XuXv ` XvXu, X1X3, X2X4, 1 ď i ď 4, 1 ď u ă v ď 4u.

Then for p “ 3 and S – t7, 13, 181, 5563u we have H‚pGSq » A . Subsection 5.3 gives
more examples for other number fields and for certain quadratic algebras not coming
from graph theory.

Organization of the paper. — The first section introduces all of the group-theoretical
arguments required for our results. In particular, Subsection 1.4 introduces the notion
of pX, eq-RAAGs, which are not in general RAAGs, but nevertheless have the same
pX, eq-filtration as RAAGs associated to certain graphs. The second section introduces
all arithmetic arguments needed in this paper. In particular, it answers a question of
Labute by proving Theorem 2.11, using an argument from [35]. The third section is
devoted to the proof of Theorem A. The main group theoretical argument relies on
suitable choices of pX, eq-filtrations, which yield pX, eq-RAAGs whose underlying graphs
are triangle-free. The fourth section applies graph theory to the cohomological inverse
problem. The last section focuses on numerical examples.
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1. Group theoretic and algebraic preliminaries

In this section we introduce general group-theoretic tools and techniques that we need
to prove most of our results. For general references, we refer to [30, 22, 19, 18, 20].

1.1. Filtered and graded (Lie)-algebras. — Set an integer d and a finite set X –

tx1, . . . , xdu. We denote by FpxxX1, .., Xdyy the algebra of noncommutative series in the
variables X1, . . . , Xd over Fp. A basis of the topological Fp-vector space FpxxX1, . . . , Xdyy

is given by monomials Xα – Xα1
iα1
. . . Xαn

iαn
, where α is an n-tuple and iαk

is an element
in t1, . . . , du. Consequently, every element x in FpxxX1, . . . , Xdyy can be written as an
infinite sum x –

ř

α aαX
α, with aα P Fp.

For a given e – pe1, . . . , edq P Nd we denote by EepXq the set FpxxX1, .., Xdyy endowed
with the filtration tEe,npXqunPN induced by the following degree function:

ωe

´

ÿ

α
aα ¨ Xα

¯

– min
α

tα1eiα1
` ¨ ¨ ¨ ` αneiαn

u.

We define EepXq –
À

nPN Ee,npXq, with Ee,npXq “ Ee,npXq{Ee,n`1pXq. Note that EepXq

is isomorphic to the (free) graded algebra FpxX1, . . . , Xdy, where every Xi is of degree ei.
If x is a nonzero element in EepXq, we define its initial form x as the image of x in

Ee,ωepxqpXq “ Ee,ωepxqpXq{Ee,ωepxq`1pXq.

We fix an ordering on the set tXiu
d
i“1. We say that Xα ă Xβ, if ωepXαq ą ωepX

βq and
if we have equality, we use the lexicographic order. Define px – maxaα‰0tX

αu.
Let I be a closed two-sided ideal of EepXq. We endow I with the filtration tIn –

I XEe,npXqunPN. The algebra A – EepXq{I is endowed with a filtration that we call the
quotient filtration (of EepXq by I, see [30, Chapitre I, 2.1.7]). We denote it by tAnunPN.
We define GradpAq –

À

nPNGradnpAq, where GradnpAq – An{An`1. We also introduce
the Hilbert series of A (resp. of a graded algebra A – EepXq{J “

À

nPN An, for some
graded ideal J ) by:

Aptq –
ÿ

nPN

dimFppGradnpAqqtn, and A ptq –
ÿ

nPN

dimFppAnqtn.

1.2. Magnus’s isomorphism and applications in group theory. — We assume
that G is a finitely presented pro-p group presented by d generators tτx| x P X –

tx1, . . . , xduu and r relations tl1, . . . , lru. We denote this presentation P. Let F pXq be
the free pro-p group on tτx, x P Xu and R be its closed normal subgroup on tl1, . . . , lru.
We have an exact sequence:

1 Ñ R Ñ F pXq Ñ G Ñ 1.
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Magnus (see for instance [30, Appendice A.3]) constructed an injective group ho-
momorphism ΨF pXq : F pXq Ñ FpxxX1, ..., Xdyy

ˆ induced by τxi ÞÑ 1 ` Xi. This induces a
filtration on F pXq, which we call pX, eq-filtration, defined by:

Fe,npXq – tf P F pXq, ΨF pXqpfq ´ 1 P Ee,npXqu.

We also define LepXq the free graded p-restricted Lie-algebra on tX1, . . . , Xdu over Fp,
where every Xi is endowed with weight ei. Magnus isomorphism [30, Chapitre II,
Théorème 3.2.5] also allows us to construct an isomorphism

GradpΨF pXqq :
à

nPN
Fe,npXq{Fe,n`1pXq Ñ LepXq.

We write IepRq for the closed two-sided ideal of EepXq generated by tΨF pXqplq´1ulPR.
We set EepX, Gq – EepXq{IepRq, equipped with the quotient filtration tEe,npX, GqunPN.
The map ΨF pXq induces ΨX,G : G Ñ EepX, Gqˆ mapping τxi to the class of 1 ` Xi. We
denote by IepRq the ideal of EepXq isomorphic to

À

nPN Ie,npRq{Ie,n`1pRq. This allows
us to define:

EepX, Gq – EepXq{IepRq, and EepX, Gq – EepXq{IepRq –
à

nPN
Ee,npX, Gq.

We define, for every integer n, the pX, eq-filtration of G by

Ge,npXq – tg P G,ΨX,Gpgq ´ 1 P Ee,npX, Gqu.

If e “ p1, . . . , 1q, then tGe,npXqunPN is independent of X (see [30, Chapitre II, section 3.2]).
In that case, we omit e and X, and write En, Gn, and Fn. This filtration coincides with
the Zassenhaus filtration (see [6, Theorem 12.9]) defined inductively by

G1 – G, and Gn – Gp
rn
p

s

ź

i`j“n

rGi, Gjs.

We endow R with the induced filtration given by Re,n – Fe,npXq X R. Let us
observe that the filtration tGe,npXqunPN coincides with the quotient filtration tFe,npXqun
by tRe,nun. We define JepRq the Lie ideal of LepXq given by GradpΨF pXqq p

À

nPNRe,n{Re,n`1q,
and we define:

LepX, Gq – LepXq{JepRq –
à

nPN
Le,npX, Gq.

Note that Le,npX, Gq » Ge,npXq{Ge,n`1pXq.
For 1 ď i ď d, we define ne,i – ωepψF pXqpliq ´ 1q, and ρe,i the image of ψF pXqpliq ´ 1

in Ee,ne,i
pXq. We denote by IepPq the two sided ideal generated by tρe,iu

r
i“1, and:

EepX,Pq – EepXq{IepPq, and EepX,P, tq – EepX,Pqptq.

Note that ρe,i can also be seen as an element of LepXq through the injection (given by uni-
versal enveloping algebra theory) LepXq ãÑ EepXq. Thus, we define JepPq the restricted
Lie-two sided ideal of LepXq generated by ρe,i, and LepX,Pq – LepXq{JepPq.

Lemma 1.1. — We have two epimorphisms:

ψP : EepX,Pq ↠ EepX, Gq, and φP : LepX,Pq ↠ LepX, Gq; such that Xi ÞÑ Xi.

Proof. — We observe, for every 1 ď i ď d, that ρe,i is an element in IepRq and JepRq.
Thus we have an inclusion of IepPq (resp. JepPq) in IepRq (resp. JepPq), and so the
desired surjection.
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1.3. Mild presentations. — We continue to use the notation introduced in the pre-
vious section. In particular, G denotes a finitely presented pro-p group and P a pre-
sentation of G. Little is known about the structure of G when ψP and φP fail to be
isomorphisms. We therefore focus on situations in which they are isomorphisms. For this
purpose, we use the following definition of mild groups (cf. [10, Lemma 1.3]).

Definition 1.2. — We say that the group G has a mild presentation P with respect
to pX, eq, if:

EepX,P, tq “
1

1 ´
řd
i“1 t

ei `
řr
j“1 t

ne,j

.

Theorem 1.3. — Assume that G has a mild presentation P with respect to some pX, eq
filtration. Then ψP and φP are isomorphisms. Furthermore, the group G has cohomo-
logical dimension 2.

Proof. — See Labute [27, Theorem 1.2].

Let us recall that the notion of combinatorially free families provides an effective
criterion to check mildness.

Definition 1.4. — We consider a family tXuiXviu
r
i“1 of quadratic monomials. This

family is said to be combinatorially free if for every 1 ď i, j ď r we have Xvi ‰ Xuj .

Corollary 1.5. — Let G be a pro-p group on tτx, x P Xu generators and presented
by P. Consider an pX, eq-filtration on F pXq. If the family pρe – txρe,iu

r
i“1 is quadratic

and combinatorially free, then the presentation P is mild for the pX, eq-filtration.

Proof. — See [10, Theorem 2.6].

The next subsection provides concrete examples.

1.4. Right Angled Artin Algebras and group applications. — Let Γ – pX,Eq

be an (undirected) graph, and e some weights. For now, we fix a group G, presented
by P with set of generators X and relations tlxu,xvutxu,xvuPE.

Definition 1.6 (pX, eq-RAAG). — We say that a group G is pX, eq-RAAG for the
graph Γ, if the relations tlxu,xvutxu,xvuPE satisfy:

lxu,xv ” rτxu , τxv s
µpxu,xvq

pmod Fe,eu`ev`1pXqq

for some µpxu, xvq P Fˆ
p . When we consider the Zassenhaus filtration, we directly say 1-

RAAG.

Remark 1.7. — By replacing lxu,xv by a suitable power, one can assume that µpxu, xvq “

1, for every txu, xvu P E.

If G is pX, eq-RAAG for Γ, then the initial form of the relations can now be deter-
mined as ρe,xu,xv “ µpxu, xvqrXu, Xvs “ µpxu, xvqpXuXv ´ XvXuq. We define

EepX,Γq – EepXq{IepΓq, LepX,Γq – LepXq{JepΓq and EepX,Γ, tq – EepX,Γqptq,

where IepΓq (resp. JepΓq) is the ideal of EepXq (resp. LepXq) generated by rXu, Xvs

for txu, xvu P E. If P is the presentation of G associated with X and tlxu,xvutxu,xvuPE,
then it is easy to observe that EepX,Γq » EepX,Pq and LepX,Γq » LepX,Pq.
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We say that a graph Γ – pX,Eq is bipartite if there is a nontrivial partition X –

U >V , such that there are no edges between two vertices of U , and no edges between two
vertices of V .

Theorem 1.8. — Assume that Γ – pX,Eq is bipartite, e and G as above. Then the
presentation P is mild for the pX, eq-filtration. So G has cohomological dimension 2 and
we have isomorphisms:

φP : LepX,Γq » LepX, Gq, and ψP : EepX,Γq » EepX, Gq.

Proof. — We use [19, Remark 1.2] and Corollary 1.5.

Example 1.9. — Let Γ be a graph, with associated Right-Angled-Artin pro-p group
(short RAAG) GΓ. This is the pro-p group presented by generators tτx1 , . . . , τxd | xi P Xu

and relations rτxu , τxv s, for txu, xvu P E. As noted in [19, Proposition 1.7], for any pX, eq-
filtration, the group GΓ is pX, eq-RAAG.

If G is a 1-RAAG for some graph Γ, then we have GΓ{pGΓq3 – G{G3, thus they
agree on a finite level. We refer to Section 4 for further details.

The group GΓ has several nice properties and is well studied. We refer for instance
to [3, 33, 19, 20].

Before stating the next result, we introduce some definitions and notations.
We define the algebra A pΓq as the quadratic algebra over Fp presented by genera-
tors tX1, . . . , Xdu and relations:

– XiXj when txi, xju R E,
– XuXv ` XvXu for xu, xv in X.

Observe that dimFp AnpΓq “ cnpΓq, where cnpΓq is the number of n-cliques of Γ, i.e.
complete subgraphs of Γ with n vertices. We also denote by H‚pGq the (continuous)
cohomology graded algebra of G with coefficients in Fp.

Proposition 1.10. — Assume that Γ is triangle-free, and G is a 1-RAAG for Γ. Then
the presentation P is mild for the pX, eq-filtration with e “ p1, . . . , 1q. So we have
L pGq » L pΓq, and the following isomorphism:

H‚
pGq » A pΓq, and hnpGq – dimFp H

n
pGq “ cnpΓq.

Proof. — We denote by d the number of vertices of Γ and by r the number of edges. We
have, from [3, Theorem 1.5]:

E pP, tq “E pΓ, tq “
1

1 ´ dt ` rt2
.

Thus, the presentation P is mild for the pX, eq-filtration with e “ p1, . . . , 1q. Since E pΓq

is a Koszul algebra, we conclude from [19, Proposition 1].

Remark 1.11. — Precisely, the last proposition gives us:

H0
pGq » Fp, H1

pGq »
à

xuPX

XuFp and H2
pGq »

à

uăv,txu,xvuPE

XuXvFp.

Furthermore, we have XuXv “ ´XvXu for xu, xv P X in H2pGq. Finally XuXv “ 0
in H2pGq precisely when txu, xvu is not in E.
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2. Koch-type presentations and linking numbers

We fix an odd prime p. Throughout the paper, we assume that K is a number
field, not containing ζp. We denote by rK the Z-rank of the unit group of OK . If pr1, r2q
is the signature of K, then rK “ r1 ` r2 ´ 1 by the Dirichlet unit theorem. We also
define clpKq to be the class group of K and dpclpKq to be its p-rank. This allows us to
introduce d1

K – rK ` dpclpKq. We fix a set of primes TK of K with Frobenii generating
the p-part of the group clpKq. Note that |TK | “ dpclpKq.

Let S1, S2 be sets of primes of K. Then we denote

V S2
S1

pKq –
␣

a P Kˆ
| a P Kˆp

q for q P S1 and p | νtpaq for t R S2

(

{Kˆp,

with νt the normalized valuation associated to t. The dual of V S2
S1

pKq is denoted
by BS2

S1
pKq (see [37, Def. 10.7.8]). The set BS2

S1
is important because it governs the

Tate–Shafarevich group in Galois cohomology and is often computationally accessible
(cf. proof of 2.9, [16]). We note that if S1 Ď S 1

1 and S2 Ď S 1
2, then we have the following

canonical surjections:

BS2
S1

↠ BS2

S1
1
, BS1

2
S1

↠ BS2
S1
, and BS1

2
S1

↠ BS2

S1
1
.

By [37, Thm. 10.7.10], if S and T are disjoint sets of primes, then the dimension
of BT

S pKq determines the minimal number dpGT
S q of generators of GT

S . More precisely, we
have the following:

Proposition 2.1. — Let S be a set of tame primes of K and T a disjoint set of primes
of K. Then dpGT

S q “ |S| ` dimFp B
T
S pKq ´ rK ´ |T |.

2.1. Koch sets. — In general, knowledge of BT
S is not sufficient to determine the min-

imal number of relations of GT
S , let alone the concrete relations. In favorable situations,

as considered by Liu in [32] or Salle in [41] one can determine the relations explicitly. We
summarize their considerations in the form of Koch sets. More precisely, fix a minimal
set of generators TK of the p-part of clpKq. We say that a finite set of tame primes S 1

of K is Koch if S 1 X TK “ H and

BTK
S1 pKq “ 1, and GTK

K,S1 “ 1.

We say that a finite set S of tame primes of K admits a Koch set if S X TK “ H and
there is S 1 Ď S such that S 1 is a Koch set.

For an integer n, we define Kn – Kpζpnq. Before showing the existence of Koch sets,
we fix some notations which we will use frequently. Given two disjoint sets of primes S
and T we set

GovTS pKq – K1

´

p

b

V T
S

¯

.

By Kummer duality it is not hard to see that GalpGovTS pKq{K1q – BT
S . If T “ H (resp.

S “ H) we simply write GovSpKq (resp. GovT pKq). If K is clear from the context, we
simply write GovTS .

Lemma 2.2 ([35, Lemma 1.3]). — Fix three sets of disjoint primes S, S 1, and T of K.
Then GalpGovTS{GovTSYS1q is generated by the Frobenii pv1,GovTS{K1q, where v1 is an
arbitrary prime of K1 above v P S 1.
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Lemma 2.3 ([35, Prop. 2.3]). — Let S and T be disjoint sets of primes of K then
there is an exact sequence

0 Ñ H1
pGT

S q Ñ H1
pGSq

ψT
S

ÝÑ
à

tPT

H1
pG ur

t q
φT
S

ÝÑ BT
S Ñ BS Ñ 0

where G ur
t – Zp is the Galois group of the maximal unramified pro-p extension of Kt.

Lemma 2.4. — For a given number field K, let TK be a set of primes, such that the
classes form a minimal generating set of clpKq{p. Given a finite set of primes S, there
exists a Koch set S 1 disjoint from S of size d1

K.

Proof. — We first notice that dimFppBHq “ d1
K . Now choose a basis S of BH and a set S 1

disjoint from S, using the Chebotarev density theorem, such that each σq – pq,GovH{Kq

is contained in BH and tσq | q P S 1u “ S . By Lemma 2.2 we conclude that BS1 “ 1
and thus H1pGS1q – H1pGHq by [37, Lem. 10.7.4 (i)], which implies that the maximal
elementary abelian extension of K unramified outside S 1 is unramified.

Since Kel,ab
S1 “ Kel,ab

H , we have that the elements pt, Kel,ab
S1 {Kq for t P TK generate

GalpKel,ab
S1 {Kq – clpKq{p and thus by Lemma 2.3 we conclude that BTK

S1 pKq “ 1. From
H1pGTK

S1 q “ 0, we deduce that GTK
S1 “ 1 and thus S 1 is a Koch set.

Remark 2.5. — 1. If S 1 is a Koch set, then Proposition 2.1 together with GT
K,S1 “ 1

implies that |S 1| “ d1
K .

2. Let TK and T 1
K be two minimal generating sets of the p-part of clpKq. Assume

that S 1 is a Koch set for TK and that S 1 X T 1
K “ H. Then S 1 is also a Koch set

for T 1
K .

We briefly discuss statistics on Koch sets. Let TK be a fixed set of primes of K such
that their classes form a minimal generating set of clpKq{p. Under these assumptions,
we obtain the following proposition.

Proposition 2.6. — Let d ě 0 be a fixed integer. For each X ą 0, let ApXq consist of
sets made up of d ` d1

K tame primes p of K satisfying Np ď X. Let BpXq be the subset
of ApXq consisting of those sets S that admit a Koch set. Then we have

lim
XÑ8

|BpXq|

|ApXq|
“

d1
k´1
ź

i“0

p1 ´ pi´pd`d1
Kq

q.

Proof. — For a prime ideal q of K, fix a prime q1 of K1 above q. For a finite set S 1 of tame
primes and finite set T of primes with T X S 1 “ H, BT

S1 “ 1 and GT
K,S1 “ 1 if and only

if the set W – tpq1,GovT {K1quqPS1 is a basis of the Fp-vector space GalpGovT {K1q; By
Lemma 2.2, BT

S1 “ 1 is equivalent to W spanning GalpGovT {K1q. Moreover, Proposition
2.1 shows that, under this condition, GT

K,S1 “ 1 holds if and only if W is a basis. Hence,
a set S admits a Koch set if and only if tpq1,GovT {K1quqPS spans GalpGovT {K1q.

Now let CpXq be the set of pd`d1
Kq-tuples pqiqi of tame primes of K satisfying Nqi ď

X for all i, and let DpXq Ă CpXq be the subset for which tpqi,GovT {K1qu1ďiďd`d1
K

spans
GalpGovT {K1q. Then we have

lim
XÑ8

|BpXq|

|ApXq|
“ lim

XÑ8

|DpXq|

|CpXq|
,

9



since both |CpXq| ´ |ApXq| and |DpXq| ´ |BpXq| are of order OpπpXqd`d1
K´1q. On the

other hand, the Chebotarev density theorem implies

lim
XÑ8

|CpXq|

πpXqd`d1
K

“
1

rK1 : Ksd`d1
K

and lim
XÑ8

|DpXq|

πpXqd`d1
K

“
Npd ` d1

K , d
1
K , pq

prK1 : Ks ¨ pd
1
K qd`d1

K

where Npa, b, pq denotes the number of a ˆ b matrices over Fp of full rank. The claim
now follows from the explicit formula for Npa, b, pq (cf. [13, Theorem 7.1.5]).

Remark 2.7. — If we let d tend to 8 in Proposition 2.6 then the right hand side tends
to 1. Thus, one can expect in practice that any large enough S admits a Koch set (for
some TK , see Remark 2.5).

2.2. Koch-type presentations and linking data. — Fix a prime p, and two inte-
gers d and d1. Given two finite sets X “ tx1, ..., xdu and X1 “ tx1

1, ..., x
1
d1u. A linking tuple

λ is a quintuple λ – pX1,X, ε, µ, ωq consisting of the following data:
– a function ε : X1 ˆ X Ñ t0, 1u, to which we associate for each x1 P X1 a set
Suppεpx

1q – tx P X | εpx1, xq “ 1u;
– a function µ : Dε Ñ Fp where

Dε “

"

px, yq P pX > X1
q ˆ X

ˇ

ˇ

ˇ

ˇ

x P X and y ‰ x or
x P X1 and y P XzSuppεpxq

*

;

– a sequence ω – pωzqzPX1>X with 0 ‰ ωz P pZp for z P X > X1.
If X1 “ H, we simply write pX, µ, ωq instead of the full quintuple.

Definition 2.8. — A pro-p group G is said to be represented by a linking tuple λ “

pX1,X, ε, µ, ωq if

G –

B

τx1 , ..., τxd

ˇ

ˇ

ˇ

ˇ

ˇ

pτx1
i
q
ωx1

i rτx1
i
, yx1

i
s “ 1 for x1

i P X1

τ
ωxj
xj rτxj , yxj s “ 1 for xj P X

F

for some elements pτx1
i
qx1

iPX
1 , pyx1

i
qx1

iPX
1 and pyxjqxjPX in F – F pXq satisfying

τx1
i

”

d
ź

s“1

τ
µ1px1

i,xsq
xs pmod F2q, yxj ”

d
ź

s“1

τµpxj ,xsq
xs pmod xF2, τxjyq

and yx1
i

”

d
ź

s“1

τ
µpx1

i,xsq
xs pmod xF2, Suppλpx1

iqyq,

where µ1 : X1 ˆ X Ñ Fp is a function satisfying µ1px1, xq “ 0 iff εpx1, xq “ 0.

Now, let K be a number field not containing ζp, and we fix TK . Let S be a finite set
of tame primes admitting a Koch set S 1. We construct a linking tuple λTS in the following
way. Let X1 – S 1 and X – SzS 1. Then by Lemma 2.3 we have

pKT
S q

el,ab
»

à

xPX

Fpx.

For x1 P X1 fix a generator τx1 of the inertia group of x1 in pKT
S qel,ab{K. For x P X

let µpx1, xq be the x-coordinate of τx1 . We also fix a Frobenius φx1 in the maximal
subextension of pKT

S qel,ab{K unramified at x1 and set µpx1, xq to be the x coordinate
of φx1 for x with εpx1, xq “ 0. It is not hard to see that this value is indeed well defined.
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Similarly, for x P X we let φx be a Frobenius in pKT
Sztxu

qel,ab{K and let for y P Sztxu

be µpx, yq the y-coordinate of φx. We set ωz – Npqzq ´ 1, where qz is the prime ideal
corresponding to z P X > X1.

These constitute λTKS “ pX1,X, ε, µ, ωq. If we want to distinguish the data in the
linking tuple from another one, we sometimes write µTKS instead of µ, etc..

The following Theorem shows how λTKS and GTK
S are related:

Theorem 2.9. — We fix TK. If S admits a Koch set, then GTK
S is represented by the

linking tuple λTKS .

Remark 2.10. — Liu [32, Theorem 1.1] proved a more general result in a different
context, from which Theorem 2.9 follows. We give a short proof of this case following the
lines of Koch [26, Section 11].

Proof of Theorem 2.9. — By assumption, we have BTK
S1 “ 1 and GTK

K,S1 “ 1. Thus, Propo-
sition 2.1 implies that the inertial generators at the primes q P SzS 1 form a minimal
system of generators of GTK

K,S. By Theorem 6.11 of [26], it remains to prove the ex-
istence of an injective map XTK

S Ñ BTK
S , where XTK

S denotes the kernel of the map
H2pGTK

K,Sq Ñ
À

pPS H
2pGpq.

The following argument closely follows the proof of [26, Theorem 11.3]. Thus, we
only indicate the necessary modifications. Instead of the subgroup TS considered in [26],
namely the normal subgroup of the maximal pro-p Galois group GK of K generated by
inertial subgroups at primes outside S, we use the larger normal subgroup T TK

S generated
by the inertia subgroups at primes outside S together with the decomposition subgroups
at the primes in TK . In this setting, we obtain an exact sequence

0 ÝÑ pXTK
S q

_
ÝÑ T TK

S {pT TK
S q

p
rT TK

S , GKs ÝÑ GK{pGKq2.

By local class field theory, there exists an epimorphism
ź

pRSYTK

Ep{Ep
p ˆ

ź

pPTK

Kˆ
p {Kˆ p

p –
ź

pRSYTK

Tp{T p
p rTp,Gps ˆ

ź

pPTK

Gp{pGpq2 Ñ T TK

S {pT TK

S qprT TK

S , GKs.

Here Gp denotes the Galois group of the maximal pro-p extension of Kp and Tp its inertia
subgroup. We now argue as in the modified version of diagram [26, (11.7)], using the
isomorphism

V SYTK
S {Kˆp

– ker
`

ź

pRSYTK

Ep{E
p
p ˆ

ź

pPTK

Kˆ
p {Kˆ p

p ÝÑ JK{JpKK
ˆ
˘

,

where JK denotes the idèle group of K.

2.3. Realization of linking data in the number field case. — In [27, p. 178]
Labute asked in case K “ Q — in our notation — whether for every linking tuple
λ “ pX, µ, ωq, there exists a set of tame primes S such that one has µ “ µS for λS “

pXS, µS, ωSq under a suitable identification of S and X.
The following theorem answers his question positively for arbitrary number fields not

containing a primitive p-th root of unity. Throughout this subsection, we fix an arbitrary
number field K satisfying ζp R K together with TK .

Theorem 2.11. — Let X1 be a finite set of cardinality d1
K – rK ` dpclpKq and X be an

arbitrary finite set of cardinality d. If λ “ pX1,X, ε, µ, ωq is a linking tuple, then there
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exists a finite tame set of places S with |S| “ d, containing a Koch set, such that, after
a suitable identification of X1 and S 1 and X and SzS 1, we have:

εTKS “ ε, pµTKS q “ µ, vpppωTKS qzq ě vppωzq, for any z P X > X1.

There is a more general form of the above theorem, for which we need the notation
of extension of linking tuples. Let λ “ pX1,X, ε, µ, ωq and rλ “ pX1, rX,rϵ, rµ, rωq be linking
tuples. We say that rλ extends λ if X Ď rX and the functions ε, rε and µ, rµ are equal,
wherever both of them are defined. Note that Dε Ď D

rε under these assumptions.

Theorem 2.12. — Let K be a number field and fix TK. We assume that S admits a
Koch set S 1. Let λTKS be the linking tuple associated to it. Consider rλ “ pX1, rX, rε, rµ, rωq

a linking tuple extending λTKS . Then there exists a set rS containing S in bijection with
rX Y X1 such that

εTK
rS

“ rε, µTK
rS

“ rµ, pωT
rS
qx “ rωx for x P X > X1

and vpppωT
rS
qxq ě vpprωxq for x P rXzX.

Note that Theorem 2.11 follows from Lemma 2.4 together with Theorem 2.12. Fur-
thermore, Theorem 2.12 follows from an inductive application of the following technical
lemma, which is based on a method developed by Maire and Sankara in [35]:

Lemma 2.13. — Let p be an odd prime and K a number field with ζp R K. Fix TK.
Assume that S admits a Koch set S 1. Given the following data: a subset Sr Ď S 1; for
each q P SzSr an ℓq P Fp, an element τ in pGTK

S qel,ab, and an integer m ě 1.
Then there exists a place q1 of K and a cyclic extension L{K of degree p such that

1. vppNpq1q ´ 1q ě m;
2. pq1, pKT

S qel,ab{Kq “ τ ;
3. L{K is ramified exactly at Sr Y tq1u and totally split in TK;
4. there is a generator σ of GalpL{Kq such that pq, L{Kq “ σℓq for each q P SzSr.

Proof. — We choose a further place t0 and define Θ – TK Y pSzSrq Y tt0u. For a place
v we denote by G ur

v – Zp the Galois group of the maximal unramified pro-p extension
of Kv. We also choose Frobenius lift φv that generates G ur

v . Now for t P Θ we define
χt P H1pG ur

t q by

χtpφtq “

$

’

&

’

%

0 if t P TK ,

ℓq if t “ q P SzSr, and
1 if t “ t0

and consider χ –
ř

tPΘ χt P
À

tPΘH
1pG ur

t q, which is non-zero since χt0 ‰ 0. Let

α – φΘ
pχq

ź

qPSr

pq1,GovΘ{K1q P BΘ
Ď GalpGovΘ{Kq,

where q1 denotes a fixed prime of K1 above q and φΘ is the map appearing in Lemma
2.3. Note that by Lemma 2.2 the image of α in BΘ

Sr
is equal to φΘ

Sr
pχq.

Now, let F be the compositum of the fields GovΘ, Km “ Kpζpmq, and pKT
S qel,ab.

Note that by ζp R K we have the following intersections:

K1 “ GovΘ X Km, K “ Km X pKTK
S q

el,ab, and K “ GovΘ X pKTK
S q

el,ab.
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Clearly F {K is a Galois extension. Due to the observation about the intersection of the
fields there exists a β P GalpF {Kq with the following properties:

piq β |Km “ 1 piiq β
ˇ

ˇ

ˇ

pK
TK
S qel,ab

“ τ piiiq β |GovΘ “ α

Now, we choose a place Q of F , which does not divide any place in Θ such that
pQ, F {Kq “ β. We define q1 to be the place of K below Q. We now show that con-
ditions 1 to 4 are satisfied.

Condition 1 follows directly from the fact that q is completely split in Km{K by (i)
and Condition 2 is a direct consequence of (ii). We next construct the extension L{K.
For that consider the following commutative diagram with exact rows

H1pGK,Srq
À

vPΘH
1pGur

v q BΘ
Sr

H1pGSrYtq1uq
À

vPΘH
1pGur

v q BΘ
SrYtq1u

ψΘ
Sr

φΘ
Sr

ϕq1

ψΘ
SrYtq1u

φΘ
SrYtq1u

Now, by construction of q1 and Lemma 2.2, we conclude that ϕq1pαq “ 1. Thus there exists
a character 0 ‰ pχ P H1pGSrYtq1uq such that ψΘ

SrYtq1u
ppχq “ χ. We now let L be the field

corresponding to ker pχ. Since χ and hence pχ is not trivial, we see that GalpL{Kq – Fp.
Let σ be the generator of GalpL{Kq mapped to 1 in Fp under pχ.

We immediately see, that for each q P SzSr we have

pχ
`

pq, L{Kq
˘

“ χqpφqq “ ℓq.

This shows 4. By a similar argument, we get that each place of TK is split in L{K.
Furthermore, since L Ď KSrYtq1u, the set of ramified primes of L{K is contained in Sr Y

tq1u. Moreover, L{K is ramified at q1 because GT
S1 “ 1.

It remains to prove 3. By the condition χtpφtq “ 0 for t P TK , we have

α|GovT “ pQ X K1,GovT {K1q “
ź

qPSr

pq1,GovT {K1q.

Hence, by the Gras-Munnier theorem [11], there exists a degree p cyclic extension of K
that is precisely ramified at Sr Y tq1u. This extension coincides with L, because otherwise
we have dpGT

S1Ytq1u
q ě dpGT

SrYtq1u
q ě 2. Since S 1 is a Koch set, Proposition 2.1 implies

dpGT
S1Ytq1u

q “ 1, a contradiction.

Remark 2.14. — If one assumes that K X Qpζpmq “ Q, e.g., if K{Q is unramified at
p, then it is also possible to prescribe the precise value of Npq1q ´ 1 pmod pmq and thus
its valuation. The reason for this is that Kpζpmq{Kpζpq – 1 ` pZ{pm Ď pZ{pmqˆ and one
can choose β|Km P GalpKm{K1q in the proof arbitrarily. This statement is used by the
first author in [7].

3. Mildness of GT
K,S

We recall that K is a number field not containing ζp. We fix TK a minimal generating
set of clpKq{p. We prove Theorem A.
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Theorem 3.1. — Let S0 be a finite set of tame primes such that |S0| ě 2 and disjoint
from TK. We can find a set S1 of tame primes disjoint from TK, such that |S1| “ 2p1`d1

Kq

and GTK
K,S1YS0

has cohomological dimension 2 and deficiency d1
K.

Proof. — We aim to show that GTK
K,S0YS1

is mild (with respect to some filtration). Let TK
be as in the statement, and choose a Koch set of tame primes S 1 such that S 1 X S0 “ H.
Note that |S 1| “ d1

K , which we abbreviate by d1. We write S – S0 Y S 1. Let d –

|SzS 1| “ |S0| ě 2. By Theorem 2.9, the group GTK
K,S is represented by a linking tuple

λTKS “ pX1,X, εTKS , µTKS , ωTKS q associated with the Koch set S 1.
We now define a linking tuple pX1, rX,rϵ, rµ, rωq that extends λTKS . Recall that X1 –

tx1
1, . . . , x

1
d1u, and X – tx1, . . . , xdu. We introduce rX – X > ta1, a2, b1, . . . , bd1u, and we

define the extension rε : X1 ˆ rX Ñ t0, 1u of ε – εTS by setting for x P rX

rεpx1
k, xq –

$

’

&

’

%

εpx1
k, xq if x P X,

1 if x “ a2, and
0 if x ‰ a2 P rXzX.

This implies that Supp
rεpx

1
kq “ Suppεpx

1
kq Y ta2u. Thus Dε Ă D

rε. For the convenience of
the reader, we note that D

rε is the following (not necessarily disjoint) union:

D
rε “ Dε Y ΠprXq Y tpx1

k, biq, px
1
k, a1q| 1 ď k, i ď d1

u.

Following the general construction, we define a map rµ : D
rε Ñ Fp extending µ “ µTKS

by:

rµpx1
i, biq “ rµpbi, a1q ‰ 0 for 1 ď i ď d1

rµpxi, a1q ‰ 0 for 1 ď i ď d ´ 1

rµpa2, x1q “ rµpxd, a2q “ rµpa1, xdq ‰ 0

and zero for all other pairs in D
rεzDε.

We furthermore set rωx̃ “ p2 for x̃ P rXzX. By Theorem 2.12, there exists a set of tame
primes rS Ą S with rSXTK “ H such that the linking tuple λTK

rS
– pX1, rX, εTK

rS
, µTK

rS
, ωTK

rS
q

associated with S 1 satisfies

µTK
rS

“ rµ, εTK
rS

“ rε, νp

´

pωTK
rS

q
rx

¯

ě νpprωrxq “ 2 for rx P rXzX.

Note that |rS| “ d ` 2 ` 2d1. Set S1 – rSzS0; then |S1| “ d1 ` 2 ` d1 “ 2p1 ` d1q.
We conclude by showing that GTK

K,rS
“ GTK

K,S0YS1
is mild. For this purpose, we apply

Theorem 1.8 to the presentation PTK
rS

coming from Theorem 2.11. We put weight ex1 “

¨ ¨ ¨ “ exd “ 2 and eai “ ebj “ 1. Since p ě 3 and for rx P rXzX we have νpppωT
rS
q
rxq ě 2, we

infer the following (nontrivial) d ` d1 ` d1 ` 2 “ 2 ` d ` 2d1 relations:

lxi ” rτxi , τa1s
µ
TK
rS

pxi,a1q
pmod Fe,4q, lxd ” rτxd , τa2s

µ
TK
rS

pxd,a2q
pmod Fe,4q

la1 ” rτa1 , τxds
µ
TK
rS

pa1,xdq
pmod Fe,4q, la2 ” rτa2 , τx1s

µ
TK
rS

pa2,x1q
pmod Fe,4q,

lbi ” rτbi , τa1s
µ
TK
rS

pbi,a1q
pmod Fe,3q, lx1

k
” rτbk , τa2s

µ
TK
rS

px1
k,bkq¨pµ

TK
rS

q1px1
k,a2q

pmod Fe,3q

Therefore, the group GTK
K,rS

has an prX, eq-RAAG presentation. The underlying
graph Γ has rX – ta1, a2, b1, . . . , bd1 , x1, . . . , xdu, as set of vertices and the 2`d`d1 `d1 “
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d ` 2 ` 2d1 edges given by:

E – ttx1, a1u, . . . , txd´1, a1u, txd, a2u, ta1, xdu, ta2, x1u, tbk, a1u, ta2, bkuu.

Note that the graph Γ is bipartite: for instance, we endow the vertices ta1, a2u with blue
color and the vertices tb1, . . . , bd1 , x1, . . . , xdu with red color.

Γ –

x1

x2

¨ ¨ ¨

xd´1

xd

a1

a2

b1

b2

¨ ¨ ¨

bd1´1

bd1

Thus, we conclude from Theorem 1.8 that PTK
rS

is mild. The deficiency of GTK
rS

is d `

2 ` 2d1 ´ pd ` 2 ` d1q “ d1.

Remark 3.2. — Assume that S0 admits a Koch-type set. Then we can take S1 of
size 2` d1

K such that GTK
K,S1YS0

is mild. As noted in Proposition 2.6 and Remark 2.5, this
situation is relatively common for large S0.

Remark 3.3. — The proof of Theorem 3.1 shows a sharper result than that GTK
K,S0YS1

has cohomological dimension 2. There exists a bipartite graph Γ – prX,Eq, with |rX| “

|S0| ` d1
K ` 2 and a weight e P N| rX|, such that GTK

K,S1YS0
is a prX, eq-RAAG, and so:

LeprX, G
TK
K,S0YS1

q » LeprX,Γq.

Furthermore, the graph Γ and the weight e are both explicitly constructed.

As a direct consequence, we infer Corollary 1.

Corollary 3.4. — Assume d1
K “ 0 (for instance if K “ Q). Let S0 be a set of tame

primes, with cardinality d ě 2. Then there exists a set S1 of tame primes of size 2 such
that GS0YS1 admits a mild presentation for some prX, eq-filtration. In particular GS0YS1

has cohomological dimension 2 and deficiency 0.

Remark 3.5. — In the case K “ Q, Theorem 2.12 gives us large freedom in the
choice of linking numbers, which are related to the values of some cup products (see
for instance [37, Proposition 3.9.13]). This fact allows us to propose an alternative
proof of Corollary 3.4 using the criterion of Schmidt [43, Theorem 5.5]. We denote
by χa1 , χa2 , χx1 , . . . , χxd the characters associated to τa1 , τa2 , τx1 , . . . , τxd in H1pGS0YS1q.
We define by V the vector space generated by χa1 , χa2 and U the vector space generated
by χx1 , . . . , χxd . Then the decomposition H1pGS1YS0q “ U ‘ V satisfies the condition of
the criterion. Thus, GS0YS1 has a mild presentation.

Remark 3.6. — The proof of Theorem 3.1 allows us to show the following results:
‚ Assume that S0 contains only one tame prime. Then, there exists a set S1 of tame

primes of size |S1| “ 1 ` 2p1 ` d1
Kq such that GTK

K,S1YS0
is mild (and has deficiency d1

K).
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‚ Assume that S0 is empty. Then, there exists a set S1 of tame primes of size |S1| “

2 ` 2p1 ` d1
Kq such that GTK

K,S0
is mild (and has deficiency d1

K). Using Proposition 4.3 we
can make better choices of S1, which allow us to control cup-products. For the special
case K “ Q, we refer to Remark 4.5.

4. Genus problems for GT
K,S and graph theory

We follow the terminology of Leoni [31], which we adapt to our context. Let Γ –

pX,Eq be an undirected graph. We define the genus of Γ as the set of pro-p groups:

genpΓq – tG such that L pGq » L pΓqu.

We note that the pro-p RAAG GΓ (defined in Example 1.9) is always in genpΓq. Thus the
previous set is never empty. Furthermore, for a fixed Γ, all pro-p groups in genpΓq share
nice common properties. One of the most notable properties is cohomology. Precisely,
as shown for instance in [19, Proposition 1], every pro-p group G in genpΓq satisfies an
isomorphism of graded algebras H‚pGq » A pΓq.

We now return to the cohomological inverse problem stated in the introduction. We
fix a number field K not containing ζp. For which graphs Γ do there exist a finite set of
tame primes S and a finite disjoint set of primes T such that GT

K,S is in genpΓq? If GT
K,S

answers the previous question positively, then we note, using the FAB property, that GT
K,S

is not isomorphic to GΓ.
Proposition 2.1 and Theorem 2.9 already give some obstructions on the structure

of Γ. Yet, as noted in the introduction, we currently have no tools to handle the case where
the cohomological dimension of GT

K,S is finite but strictly greater than 2. This limitation
naturally leads us to consider triangle-free graphs, a choice justified by Proposition 1.10.

4.1. Pseudoforest graphs. — This section exhibits a family of graphs relevant to the
genus problem. We say that a graph Γ “ pX,Eq is a pseudoforest if each connected
component has at most one cycle. If |X| “ |E|, then each connected component has
precisely one cycle by Euler’s formula. We call those graphs strict pseudoforests. We first
record the following lemma.

Lemma 4.1. — The graph Γ “ pX,Eq is a strict pseudoforest if and only if there exists
a map φΓ : X Ñ X such that

E “ EφΓ
– ttxv, φΓpxvqu | xv P Xu

and φ2
Γ has no fixed points.

Proof. — For this proof, we use the following characterization of pseudoforest from [24,
§1.1]. A graph is a pseudoforest if and only if its edges can be oriented so that each vertex
has indegree at most one.

First, observe that for any choice of φΓ, the map φ2
Γ has no fixed point if and only

if |X| “ |EφΓ
|. Let Γ be a strict pseudoforest. For each connected component of Γ, fix

an arbitrary orientation on its unique cycle. On each tree attached to the cycle, orient
every edge away from the cycle. In this way, we obtain an orientation such that every
vertex has indegree 1. For each vertex xv, define φΓpxvq to be the unique vertex having
an oriented edge toward xv.
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Conversely, suppose that we are given a function φΓ such that EφΓ
“ E. We orient

each edge from φΓpxvq to xv. Then every vertex has indegree 1. It follows that Γ is a
pseudoforest.

A graph Γ “ pX,Eq is said to be inertial if it contains a strict pseudoforest pX,E1q

such that E1 Ď E. In particular, for a number field K, the graph Γ is called K-inertial if
it is inertial with |E| ě d1

K ` |X|.

Remark 4.2. — Assume that Γ – pX,Eq is K-inertial. We denote by Γ0 – pX,E0q a
strict pseudoforest satisfying E0 Ă E. By Lemma 4.1, there is a map φΓ : X Ñ X, such
that φ2

Γ has no fixed point, and EφΓ
“ E0. Furthermore, the graph Γ is triangle-free if

and only if φ3
Γ has no fixed point.

4.2. The result for the genus problem in arithmetic. — Let us now state the
result of this section.

Proposition 4.3. — Let Γ – pX,Eq be a triangle-free K-inertial graph. Then
there exist disjoint finite sets S and T of primes of K such that GTK

K,S is in genpΓq.
Thus H‚pGT

K,Sq » A pΓq.

Proof. — From Remark 4.2, the graph Γ contains a strict pseudoforest pX,EφΓ
q associ-

ated with a function φΓ : X Ñ X such that E “ EφΓ
> E1 > E2, where |E1| “ d1

K and
|E2| ě 0. We identify X1 with E1. For each x1 P X1, we orient the corresponding edge
from hpx1q P X to tpx1q P X. We define a function ε : X1 ˆ X Ñ t0, 1u by

εpx1, xq “

#

1 if x “ hpx1q,

0 otherwise.

Thus, we have Suppεpx
1q “ thpx1qu, and so Dε “ ΠpXq > tpx1, xq|x1 P X, x ‰ hpx1qu. We

define a function µ : Dε Ñ Fp as follows. For x, y P X, we set

µpx, yq “

#

1 if y “ φΓpxq and
0 otherwise.

Furthermore, for x1 P X1 and y R Suppεpx
1q, i.e. y P X but y ‰ hpx1q, we set

µpx1, yq “

#

1 if y “ tpx1q and
0 otherwise.

By Theorem 2.12, there exists a finite tame set S admitting a Koch set S 1 satisfying
λTKS “ pX1,X, ε, µ, ωq with ω “ 1. By Theorem 2.9, the group GTK

K,S admits a minimal
presentation

GTK
K,S –

@

τx P X
ˇ

ˇ lx, l
1
y px P X, y P X1

q
D

satisfying lx ” rτx, τφΓpxqs pmod F2q and l1y ” rτhpyq, τtpyqs pmod F2q. Here, the latter
congruence follows from the assumption p ě 3.

If E2 ‰ H, then we enlarge TK to T by adding primes l whose Frobenius automor-
phism σl P GTK

K,S satisfies σl ” rτx1 , τx2s pmod F3q for tx1, x2u P E2, using the Chebotarev
density theorem. One then checks that GT

K,S is a 1-RAAG associated with the graph Γ.
Hence, by Proposition 1.10, the group GT

K,S is mild, and the desired statements follow.
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Corollary 4.4. — Take d1
K “ 0. Let Γ be a triangle-free inertial graph. Then there exist

disjoint finite sets S and T of primes of K such that GT
K,S is in genpΓq. Thus H‚pGT

K,Sq »

A pΓq.

Remark 4.5. — Let Γ be a cycle with 4 vertices, then the associated algebra A pΓq is not
universally Koszul (see [36] for a definition of universal Koszul algebras and conjectures).
Thus, conjecturally there is no field K, containing a primitive p-th root of unity, such
that H‚pGKq » A pΓq and thus GK can not be in genpΓq.

It has already been shown that GΓ does not occur as GK (see [40, Theorem 5.6]).
The situation with maximal pro-p Galois groups with restricted ramification is very much
different. Indeed, by Corollary 4.4 applied to K “ Q, we find a tame S such that GS is
in genpΓq and so H‚pGSq » A pΓq.

5. Numerical examples and computations

5.1. Examples Theorem A. — It is not hard to find numerical examples of 2p1`d1
Kq

additional tame primes, satisfying Theorem A, in concrete situations. All the computa-
tions were made using the computer algebra system OSCAR [38]. The relevant source
code can be found at [8]. Write S0 “ tq1, q2, ..., qdu. Then we are looking for tame
primes qa1 , qa2 , q1,1, . . . , q1,d1

K
, q2,1, . . . , q2,d1

K
such that the the linking numbers satisfy the

relations from the proof of Theorem 3.1. In our search we were minimizing the size of qa1
and chose the other primes accordingly. We give examples in the rational and quadratic
real cases.

5.1.1. Rational case. — Take p “ 3. For S0 “ t7, 13, 19, 37u one finds that the set of
tame primes S1 – t10639, 826093u completes S0 to satisfy Corollary 1.

5.1.2. Real quadratic case. — Fix p “ 3. We give two examples:
(a) Consider K “ Qp

?
3q, we have d1

K “ 1. We note that S 1 “ tp5qu yields a Koch
set for K. Consider S0 – tp7q, p´

?
3 ` 4qu. Following the proof of Theorem 3.1 we are

able to construct

S1 – S 1
> tp1063q, p593q, p531

?
3 ` 2224qu

such that GK,rS with rS “ S0 Y S1 is mild.
(b) For K “ Qp

?
79q, we compute that d1

K “ 2 and set TK – tp3,
?
79` 1qu. We set

S0 “ tp7,
?
79 ` 4q, p13,

?
79 ` 1qu. Then S 1 “ tp7,

?
79 ` 3q, p11qu is a Koch set disjoint

from S0 and we find that for

S1 – S 1
>
␣

p65
?
79 ` 66q, p17389,

?
79 ` 4273q,

p´2919
?
79 ` 26594q, p86121199,

?
79 ` 5709782q

(

and rS – S0 Y S1 the group GTK
K,rS

is mild.

5.2. Examples for 1-RAAGs. — We give two examples. One in the rational case,
and the other in the real quadratic case. We take p “ 3.

5.2.1. Rational case. — Consider the case K “ Q. Then d1
K “ 0 and TK “ H.

Let us consider Γ the 4-cycle graph with vertices X – tx1, x2, x3, x4u and edges E –

ttx1, x2u, tx2, x3u, tx3, x4u, tx4, x1uu. Then for S – t7, 13, 181, 5563u, the group GS is
a 1-RAAG with respect to Γ and thus its cohomology is A pΓq.
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5.2.2. Imaginary quadratic case. — Let K “ Qp
?

´31q, then d1
K “ 1. We consider the

graph Γ – pX,Eq on six vertices and seven edges:

E – ttx1, x2u, tx2, x3u, tx3, x4u, tx4, x5u, tx5, x6u, tx6, x1u, tx1, x4uu.

The set TK – tp2,
?

´31`3
2

qu generates clpKq – Z{3 and S 1 “ tp7,
?

´31 ` 2qu is a Koch
set. Furthermore, if we set

S – S 1
> tp7,

?
´31 ` 5q, p13q, p4129q, p3613q,

p257443,
?

´31 ` 245436q, p1062643,
?

´31 ` 778479qu

then GTK
K,S is a 1-RAAG for Γ and hence H‚pGTK

K,Sq » A pΓq.

5.3. Examples which are not pX, eq-RAAG. — Fix three finite sets X “

tx1, . . . , xdu, X1 – tx1
1, . . . , x

1
d1u and X0 – tz1, . . . zmu. Let L – L pXq. We in-

troduce a family ρ – tρx, ρx1 , ρz| x P X, x1 P X1, z P X0u in L2. We denote by L pρq

the quotient of L by the Lie-ideal generated by ρ and A pρq the quadratic dual of E pρq.
Here E pρq is the quotient of E – E pXq by the two-sided ideal generated by ρ. For
instance, we refer to [39, Chapter 1, §2] for definitions and references on quadratic duals.

Since p is odd, then L2 “ rL1,L1s. We assume that for every xi P X, there are
coefficients aij P Fp such that ρxi –

ř

xjPX,xj‰xi
aijrXi, Xjs. For every x1

k P X1, we assume
there exists a tuple puk, vkq P ΠpXq such that ρx1

k
– λx1

k
rτuk , τvks with λx1

k
P F˚

p . This
allow us to define a function ερ : X1 ˆ X Ñ t0, 1u by

ερpx
1
k, xq “

#

1 if x “ uk,

0 otherwise.

Thus, we have Suppερpx1
kq “ tuku, so px1

k, vkq is in Dερ , and we have:

Dερ – ΠpXq Y tpx1
k, xkiq| x1

k P X, xki ‰ uku.

Thus, the family ρ induces a map µρ : Dερ Ñ Fp defined by:

µρpxi, xjq – aij and µρpx
1
k, vkq – λx1

k
, else µρpx1

k, xq – 0,

for xi P X, and x1
k P X1. In particular, we have ρxi –

ř

xj‰xi
µρpxi, xjqrXi, Xjs.

Proposition 5.1. — We assume that there exists an order ď such that pρ –

t pρuuuPX>X1>X0 is combinatorially free.
Then for any number field K satisfying d1 “ d1

K, there exist a set S of tame primes
and a disjoint set T such that

L pGT
K,Sq » L pρq, and H‚

pGT
K,Sq » A pρq.

Proof. — This proof is very similar to the one given in Theorem 4.3. We fix TK . By
Theorem 2.11 there exists a tame set S such that εTKS “ ερ and µTKS “ µρ.

By the Chebotarev Density Theorem, we can find a set of primes T0 – ttz, z P

X0u, disjoint from TK , such that the associated Frobenii yz satisfy ΨF pXqpyzq ´ 1 ” ρz
pmod E3pXqq for z P X0. We define T – TK Y T0. Since the family ρ is combinatorially
free, we conclude that the presentation PT

S is mild and so:

L pGT
K,Sq » L pρq, and H‚

pGT
K,Sq » A pρq.
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Remark 5.2. — The results on pX, eq-RAAGs do not require the full strength of The-
orem 2.11. Only the vanishing of µTKS pxi, xjq ‰ 0 is relevant. But Proposition 5.1 heavily
depends on the precise values of linking numbers.

Example 5.3. — Let p “ 3. We consider various situations for K a number field not
containing ζp, and give numerical examples for Proposition 5.1.

(a) We fix d “ 4 and d1 “ 0 so X – tx1, x2, x3, x4u. We define a family ρ in L2 by:

ρ1 – rX1, X4s, ρ2 –rX2, X3 ` X4s, ρ3 – rX3, X1 ` X2 ` X4s,

and ρ4 – rX4, X2 ` X3s.

The order ą is given by X1 ą X2 ą X3 ą X4. Thus, µpxi, xjq “ 1 except for pxi, xjq “

px1, x2q, px1, x3q, px2, x1q, px4, x1q, where it takes the value 0. Here, we note that A pρq is
presented by four generators X1, X2, X3, X4 and twelve relations:

tX2
i , XuXv ` XvXu, X1X2, X2X3 ´ X2X4 ` X3X4, 1 ď i ď 4, 1 ď u ă v ď 4u.

Assume that K – Q and p “ 3. One can explicitly choose S “ t31, 163, 409, 433u, and
we have H‚pGSq » A pρq and L pGSq » L pρq.

(b) We set X – tx1, x2, x3, x4, x5u and define a family ρ in L2 by:

ρ1 – rX1, X4s, ρ2 –rX2, X3 ´ X4s, ρ3 – rX3, X1 ` X2 ` X4s,

ρ4 – rX4, X2 ´ X3s, ρ5 – rX5, X1s, and ρx1 – rX2, X5s.

The order ą is given by X1 ą X2 ą X3 ą X4 ą X5.
Here, we note that A pρq is presented by five generators X1, X2, X3, X4, X5 and 19

relations:

tX2
i , XuXv ` XvXu, X1X2, X3X5,

X4X5, X2X3 ` X2X4 ` X3X4, 1 ď i ď 5, 1 ď u ă v ď 5u.

Take p “ 3 and K “ Qp
?
5q then d1

K “ 1 and S 1 “ tp2qu is a Koch set. If we consider

S – tp2q, p283q, p4
?
5 ´ 1q, p353q,

`

´
?
5´189
2

˘

,
`

´343
?
5´17

2

˘

u,

then H‚pGK,Sq – A pρq and L pGK,Sq » L pρq.
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